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Abstract. The representation theory of the symmetric groups is intimately related 
to geometry, algebraic combinatorics, and Lie theory. The spin representation theory 
of the symmetric groups was originally developed by Schur. In these lecture notes, we 
present a coherent account of the spin counterparts of several classical constructions 
such as the Frobenius characteristic map, Schur duality, the coinvariant algebra, 
Kostka polynomials, and Young's seminormal form. 
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1. Introduction 

1.1. The representation theory of symmetric groups has many connections and appli- 
cations in geometry, combinatorics and Lie theory. The following classical constructions 
in representation theory of symmetric groups over the complex field C are well known: 

(1) The characteristic map and symmetric functions 

(2) Schur duality 

(3) The coinvariant algebra 

(4) Kostka numbers and Kostka polynomials 

(5) Seminormal form representations and Jucys-Murphy elements 

(1) and (2) originated in the work of Frobenius and Schur, (3) was developed by Cheval- 
ley (see also Steinberg [S], Lusztig |Lul] . and Kirillov [Kij ) . The Kostka polynomi- 
als in (4) have striking combinatorial, geometric and representation theoretic inter- 
pretations, due to Lascoux, Schiitzenberger, Lusztig, Brylinski, Garsia and Procesi 
\LS\ \Lu2\ \Bi\ IGPj . Young's seminormal form construction of irreducible modules of 
symmetric groups has been redone by Okounkov and Vershik |0V| using Jucys-Murphy 
elements. 
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Motivated by projective (i.e., spin) representation theory of finite groups and in 
particular of symmetric groups S„, Schur [Sch] introduced a double cover (3„ of &n- 

1 ^ ^ e„ ^ 6„ ^ 1. 

Let us write Z2 = {1,^}. The spin representation theory of (3„, or equivalently, the 
representation theory of the spin group algebra C6~ = CS„/ (z + 1), has been system- 
atically developed by Schur (see Jozefiak |Jolj for an excellent modern exposition via 
a superalgebra approach; also see Stembridge [St]). 

The goal of these lecture notes is to provide a systematic account of the spin coun- 
terparts of the classical constructions (l)-(5) above over C. Somewhat surprisingly, 
several of these spin analogues have been developed only very recently (see for example 
|WW2j ) . It is our hope that these notes will be accessible to people working in alge- 
braic combinatorics who are interested in representation theory and to people in super 
representation theory who are interested in applications. 

In addition to the topics (l)-(5), there are spin counterparts of several classical basic 
topics which are not covered in these lecture notes for lack of time and space: the 
Robinson-Schensted-Knuth correspondence (due to Sagan and Worley |Sag[ IWor] : also 
see jGJKj for connections to crystal basis); the plactic monoid (Serrano |Serj ): Young 
symmetrizers [Nazi ISe2j ; Hecke algebras |0H IJNl IWaH IWa2j . We refer an interested 
reader to these papers and the references therein for details. 

Let us explain the contents of the lecture notes section by section. 

1.2. In Section [21 we explain how Schur's original motivation of studying the projec- 
tive representations of the symmetric groups leads one to study the representations 
of the spin symmetric group algebras. It has become increasingly well known (cf. 
|Jo2t ISe2] ISt j lYa] and |Kle[ Chap. 13]) that the representation theory of spin symmet- 
ric group (super) algebra C&~ is super-equivalent to its counterpart for Hecke-Clifford 
(super)algebra !Kn = Qln xi C6„. We shall explain such a super-equivalence in detail, 
and then we mainly work with the algebra !K„, keeping in mind that the results can be 
transferred to the setting for C(3~. We review the basics on superalgebras as needed. 

The Hecke-Clifford superalgebra "Kn is identified as a quotient of the group algebra 
of a double cover Bn of the hyperoctahedral group and this allows us to apply 
various standard finite group constructions to the study of representation theory of 
"Kn- In particular, the split conjugacy classes for Bn (due to Read |Rej ) are classified. 

1.3. It is well known that the Frobenius characteristic map serves as a bridge to relate 
the representation theory of symmetric groups to the theory of symmetric functions. 

In Section [3l the direct sum R~ of the Grothendieck groups of J{„-mo3 for all n 
is shown to carry a graded algebra structure and a bilinear form. Following Jozefiak 
|Jo2] ■ we formulate a spin version of the Frobenius characteristic map 



and establish its main properties, where Fq is the ring of symmetric functions generated 
by the odd power-sums. It turns out that the Schur Q-functions associated to strict 
partitions ^ play the role of Schur functions, and up to some 2-powers, they correspond 
to the irreducible J{„-modules D^. 
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1.4. The classical Schur duality relates the representation theory of the general linear 
Lie algebras and that of the symmetric groups. 

In Section HI we explain in detail the Schur-Sergeev duality as formulated concisely 
in |Selj . A double centralizer theorem for the actions of q(n) and the Hecke-Clifford 
algebra on the tensor superspace (C"!"')®'^ is established, and this leads to an explicit 
multiplicity-free decomposition of the tensor superspace as a J7(q(n)) (8) JC^- module. As 
a consequence, a character formula for the simple q(n)-modules appearing in the tensor 
superspace is derived in terms of Schur Q- functions. A more detailed exposition on 
materials covered in Sections [3] and H] can be found in |CWl Chapter 3] . 

1.5. The symmetric group ©„ acts on V = C" and then on the symmetric algebra 
S*V naturally. A closed formula for the graded multiplicity of a Specht module S"^ for 
a partition A of n in the graded algebra S*V in different forms has been well known (see 
Steinberg [S], Lusztig |Lulj and Kirillov |Kij ) . More generally, Kirillov and Pak |KP) 
obtained the bi-graded multiplicity of the Specht module 5^ for any A in S*V A*y 
(see Theorem 15. 4p . where A*V denotes the exterior algebra. We give a new proof here 
by relating this bi-graded multiplicity to a 2-parameter specialization of the super Schur 
functions. 

In Section O we formulate a spin analogue of the above graded multiplicity formulas. 
We present formulas with new proofs for the (bi)-graded multiplicity of a simple 
module in e/„ (g) S*V, Qln ® S*V ® A*V and Qln ® S*V ® S*V in terms of various 
specializations of the Schur Q- function <5^(z). The case of Qln ® S*V ® S*V is new in 
this paper, while the other two cases were due to the authors |WWlj . The shifted hook 
formula for the principal specialization Q^(l,t,t^, . . .) of Q^{z) was established by the 
authors [WWl] with a bijection proof and in a different form by Rosengren |Roj based 
on formal Schur function identities. Here we present yet a third proof. 

1.6. The Kostka numbers and Kostka(-Foulkes) polynomials are ubiquitous in com- 
binatorics, geometry, and representation theory. Kostka polynomials have positive 
integer coefficients (see |LS| for a combinatorial proof, and see [GPj for a geometric 
proof). Kostka polynomials also coincide with Lusztig's q^- weight multiplicity in finite- 
dimensional irreducible representations of the general linear Lie algebra |Lu21 IKaj , and 
these are explained by a Brylinski-Kostant filtration on the weight spaces |Brj . More 
details can be found in the book of Macdonald [Mac] and the survey paper |DLTj . 

In Section [U following a very recent work of the authors |WW2j , we formulate a 
notion of spin Kostka polynomials, and establish their main properties including the 
integrality and positivity as well as interpretations in terms of representations of the 
Hecke-Clifford algebras and the queer Lie super algebras. The graded multiplicities in 
the spin coinvariant algebra described in Section [5] are shown to be special cases of 
spin Kostka polynomials. Our constructions naturally give rise to formulations of the 
notions of spin Hall-Littlewood functions and spin Macdonald polynomials. 

1.7. By studying the action of the Jucys- Murphy elements on the irreducible ©„- 
modules, Okounkov and Vershik |OVj developed a new approach to the representation 
theory of symmetric groups. In their approach, one can see the natural appearance 
of Young diagrams and standard tableaux, and obtain in the end Young's seminormal 
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form. A similar construction for the degenerate affine Hecke algebra associated to 
has been obtained by Cherednik, Ram and Ruff \Ch\ \Ram\ IRuj . 

In Section [71 we explain a recent approach to Young's seminormal form construction 
for the (affine) Hecke-Clifford algebra. The affine Hecke-Clifford algebra Jif^^ intro- 
duced by Nazarov [Naz] provides a natural general framework for "Kn. Following the 
independent works of Hill, Kujawa and Sussan [HKSj and the first author [Wanj . we 
classify and construct the irreducible IKj^^^-modules on which the polynomial generators 
in 5f^^ act semisimply. A surjective homomorphism from to 'Kn allows one to 
pass the results for 'K'^ to Jf^, and in this way we obtain Young's seminormal form for 
irreducible !K„-modules. This recovers a construction of Nazarov [Nazj and the main 
result of Vershik-Sergeev |VSj who followed more closely Okounkov-Vershik's approach. 

Acknowledgments. This paper is a modified and expanded written account of 
the 8 lectures given by the authors at the Winter School on Representation Theory, 
held at Academia Sinica, Taipei, December 2010. We thank Shun-Jen Cheng for his 
hospitality and a very enjoyable winter school. The paper was partially written up 
during our visit to Academia Sinica in Taipei and NCTS (South) in Tainan, from 
which we gratefully acknowledge the support and excellent working environment. Wan's 
research is partially supported by Excellent young scholars Research Fund of Beijing 
Institute of Technology. Wang's research has been partially supported by NSF. We 
thank the referee for his careful reading and helpful suggestions. 

2. Spin symmetric groups and Hecke-Clifford algebra 

In this section, we formulate an equivalence between the spin representation theory 
of the symmetric group S„ and the representation theory of the Hecke-Clifford algebra 
"Kn- The algebra Jin is then identified as a twisted group algebra for a distinguished 
double cover Bn of the hyperoctahedral group Bn- We classify the split conjugacy 
classes of Bn and show that the number of simple !K„-modules is equal to the number 
of strict partitions of n. 

2.1. From spin symmetric groups to IK„. The symmetric group (3„ is generated 
by the simple reflections Sj = + 1 < i,j < n — 1, subject to the Coxeter relations: 

(2.1) Si=l, SiSj = SjSi, SiSi+lSi = Si+lSiSi+l, |i-j|>l. 

One of Schur's original motivations is the study of projective representations V of (3„, 
which are homomorphisms (3„ — ?• PGL(y) := GL{V) /C* (see |Schj ). By a sequence 
of analysis and deduction, Schur showed the study of projective representation theory 
(RT for short) of &n is equivalent to the study of (linear) representation theory of a 
double cover ©„: 

Projective RT of ©„ (Linear) RT of 6„ 

A double cover 6„ means the following short exact sequence of groups (nonsplit for 
n > 4): 
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The quotient algebra C(3~ = C©„/ (z + 1) by the ideal generated by {z + 1) is call 
the spin symmetric group algebra. The algebra C6~ is an algebra generated by 
ti,t2, ■ ■ ■ , tn-i subject to the relations: 

2 I ■ ■ I 

— 1) titi+lti — ti+ltiti+1) t{tj — tjti, \i j\ > 1. 

(A presentation for the group can be obtained from the above formulas by keeping 
the first two relations and replacing the third one by titj = ztjti.) C©~ is naturally a 
super (i.e., Z2-graded) algebra with each ti being odd, for 1 < i < n — 1. 

By Schur's lemma, the central element z acts as ±1 on a simple ©^-module. Hence 
we see that _ 

RT of ©„ ^ RT of ©„ RT of CS" 

Schur then developed systematically the spin representation theory of ©„ (i.e., the 
representation theory of C©~). We refer to Jozefiak [Jol] for an excellent modern 
exposition based on the superalgebra approach. 

The development since late 1980's by several authors shows that the representation 
theory of C©~ is "super-equivalent" to the representation theory of a so-called Hecke- 
Clifford algebra "Kn- 

(2.2) RT of C©~ ^ RT of Jin 

We will formulate this super-equivalence precisely in the next subsections. 

2.2. A digression on superalgebras. By a vector superspace we mean a Z2-graded 
space V = Vq ® Vi- A superalgebra A = Aq® Ai satisfies Ai • Aj C Ai^j for i,j £ Z2. 
By an ideal / and a module M of a superalgebra A in these lecture notes, we always 
mean that I and M are Z2-graded, i.e., / = (/ n Aq) (/ n ^Ij), and M = Mg Mj 
such that AiMj C Mj+j for i,j G Z2. For a superalgebra A, we let yi-tnoi) denote 
the category of yi-modules (with morphisms of degree one allowed). This superalgebra 
approach handles "self-associated and associates of simple modules" simultaneously in 
a conceptual way. There is a parity reversing functor 11 on the category of vector 
superspaces (or module category of a superalgebra): for a vector superspace V = 
Vo®Vi, we let 

u{v) = n(F)5 u{v)j, u{v)i = Vi e Z2. 

Clearly, = I. 

Given a vector superspace V with both even and odd subspaces of equal dimension 
and given an odd automorphism P of F of order 2, we define the following subalgebra 
of the endomorphism superalgebra End(y): 

Q{V) = {x £ End{V) I X and P super-commute}. 

In case when V = C"'" and P is the linear transformation in the block matrix form 

In" 
-In 

we write Q{V) as Q{n), which consists of 2n x 2n matrices of the form: 

b 



-1 
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where a and h are arbitrary nxn matrices, for n > 0. Note that we have a superalgebra 
isomorphism Q{V) = Q{n) by properly choosing coordinates in V, whenever dimF = 
n\n. A proof of the following theorem can be found in Jozefiak [Joj or |CWl Chapter 3]. 

Theorem 2.1 (Wall). There are exactly two types of finite- dimensional simple asso- 
ciative superalgehras over C; (1) the matrix superalgebra M{m\n), which is naturally 
isomorphic to the endomorphism superalgebra ofC^^^; (2) the superalgebra Q{n). 

The basic results of finite-dimensional semisimple (unital associative) algebras over 
C have natural super generalizations (cf. [Joj ) . The proof is standard. 

Theorem 2.2 (Super Wedderburn's Theorem). A finite- dimensional semisimple su- 
peralgebra A is isomorphic to a direct sum of simple superalgebras: 

m q 

yi^0M(ri|s,)©0Q(n,). 

i=i j=i 

A simple A- module V is annihilated by all but one such summand. We say V is of 
type M ii this summand is of the form M(ri\si) and of type Q if this summand is of the 
form Qijij). In particular, C'^ is a simple module of the superalgebra M{r\s) of type 
M, and C"''" is a simple module of the superalgebra Q{n). These two types of simple 
modules are distinguished by the following super analogue of Schur's Lemma (see [Jo], 
\CW\ Chapter 3] for a proof). 

Lemma 2.3. (Super Schur's Lemma) If M and L are simple modules over a finite- 
dimensional superalgebra A, then 

{1 if M ^ L is of type M, 
2 if M is of type Q, 
ifM^L. 

Remark 2.4. It can be shown (cf. [Joj ) that a simple module of type M as an ungraded 
module remains to be simple (which is sometimes referred to as "self-associated" in 
literature), and a simple module of type Q as an ungraded module is a direct sum of a 
pair of nonisomorphic simples (such pairs are referred to as "associates" in literature). 

Given two associative superalgebras A and 23, the tensor product A® 23 is naturally 
a superalgebra, with multiplication defined by 

(a (g) b){a' (g) b') = (-l)l''l>'l(aa') ^ (55') (^^ a' G A, b, b' G S). 

If V is an irreducible yi-module and W is an irreducible "B-module, y g) may not 
be irreducible (cf. [Jo], [BK], [m Lemma 12.2.13]). 

Lemma 2.5. Let V be an irreducible A-module and W be an irreducible "B-module. 

(1) // both V and W are of type M, then V (i^W is an irreducible A (g "B-module of 
type M. 

(2) // one of V or W is of type M and the other is of type Q, then V ®W is an 
irreducible A ® "B-module of type Q. 

(3) // both V and W are of type Q, then V ®W = X ® HX for a type M irreducible 
A (g) "B -module X. 
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Moreover, all irreducible A^'B-modules arise as components ofV^dW for some choice 
of irreducibles V, W. 

If V is an irreducible yi- module and W is an irreducible S-module, denote by y ® 
an irreducible component of V 0W. Thus, 

/ V®W® n{V ® W), if both V and W are of type Q, 
I y ® VF, otherwise . 

Example 2.6. The Clifford algebra Qln is the C-algebra generated by c.j(l < i < n), 
subject to relations 

(2.3) c- = 1, CiCj = -CjCi {i / j). 

Note that Qln is a superalgebra with each generator Ci being odd, and dimC/n, — 2"'. 

For n = 2k even, Qln is isomorphic to a simple matrix superalgebra M{2^~^\2^~^). 
This can be seen by constructing an isomorphism QI2 — M(l|l) directly via Pauli 
matrices, and then using the superalgebra isomorphism 

Qhk = Qh (S) . . . (S) QI2 ■ 
' . ' 

k 

Note that Qli = Q{1). For n = 2/c + 1 odd, we have superalgebra isomorphisms: 

Qln ^ Qh (g> Qhk = (3(1) ^ M(2^-^|2*--^) ^ Q{2''). 

So Qln is always a simple superalgebra, of type M for n even and of type Q for n odd. 
The fundamental fact that there are two types of complex Clifford algebras is a key to 
Bott's reciprocity. 

2.3. A Morita super-equivalence. The symmetric group (3„ acts as automorphisms 
on the Clifford algebra Qln naturally by permuting the generators Cj. We will refer to 
the semi-direct product IK„ := Qln x C(3„ as the Hecke- Clifford algebra, where 

(2.4) SiCi — Ci-\-\S'i, SiCi-\-\ — CiSi, SiCj — CjSi, j ^ %,% -\- \. 

Equivalently, aci = c^jf^i-^a, for all 1 < i < ??, and cr G G„. The algebra IK„ is naturally a 
superalgebra by letting each a G ©„ be even and each Cj be odd. 
Now let us make precise the super-equivalence ()2.2p . 

By a direct computation, there is a superalgebra isomorphism (cf. [Sell lYaj ): 

C©^ Qln > 

^2 5^ Ci ^ Ci, I < i < n, 

tj I— ^jjcj — Cj+i), f < j < n — f- 



By Example UM 6/ „ is a simple superalgebra. Hence, there is a unique (up to 
isomorphism) irreducible S/„-module Un, of type M for n even and of type Q for n odd. 
We have dim Un = 2^ for n = 2A: or n = 2fc — 1. Then the two exact functors 

dn := — ®Un'- C6~-mo£) — > "Kn-moD, 
(5n := Homez„ (t/„, -) : "Kn-moD C&n-mod 
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define a Morita super-equivalence between the superalgebras IK^ and C(3„ in the fol- 
lowing sense. 

Lemma 2.7. [BKl Lemma 9.9] [Hil Proposition 13.2.2] 

(1) Suppose that n is even. Then the two functors 5n &n cl^^ equivalences of 
categories with 

^nO&n= id, &nOdn = id. 

(2) Suppose that n is odd. Then 

5„ o 6„ ^ id e n, (5no = id e n. 

Remark 2.8. The superalgebra isomorphism (12. 5p and the Morita super-equivalence in 
Lemma [2. 71 have a natural generalization to any finite Weyl group; see Khongsap-Wang 
[KWj (and the symmetric group case here is regarded as a type A case). 

2.4. The group Bn and the algebra Let n„ be the finite group generated by 
Oj (i = 1, . . . , n) and the central element z subject to the relations 

(2.6) of = 1, = 1, OiUj = zOjOi {i 7^ j). 

The symmetric group (3„ acts on n„ by cj(aj) = Oo-(j), a G (3„. The semidirect product 
Bn ■= n„ X Gn admits a natural finite group structure and will be called the twisted 
hyperoctahedral group. Explicitly the multiplication in Bn is given by 

(a, cr)(a', a') = (a(T(a'), era'), o, a G n„, cr, a' G ©„. 

Since n„/{l, z} ~ Zg, the group Bn is a double cover of the hyperoctahedral group 
Bn ■= ^2 ^ ®rn and the order \Bn\ is 2"'+^n!. That is, we have a short exact sequence 
of groups 

(2.7) 1^{1,Z} ^Bn^Bn^l, 

with 6n{ai) = bi, where bi is the generator of the ith copy of Z2 in Bn- We define a 
Z2-grading on the group Bn by setting the degree of each Oj to be 1 and the degree 
of elements in S„ to be 0. The group Bn inherits a Z2-grading from Bn via the 
homomorphism 

The quotient algebra Cn„/ {z + 1) is isomorphic to the Clifford algebra S/„, with the 
identification = Cj, 1 < ?' < n. Hence we have a superalgebra isomorphism: 

(2.8) CBn/{z + l)^:Kn. 

A i?„-module on which z acts as —1 is called a spin Bn-module. As a consequence of 
the isomorphism (j2.8p . we have the following equivalence: 

RT of 'Kn ^ Spin RT of B„ 
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2.5. The split conjugacy classes for Recall for a finite group G, the number of 
simple G-modules coincides with the number of conjugacy classes of G. The finite group 
Bn and its double cover Bn defined in ()2.7p are naturally Z2-graded. Since elements 
in a given conjugacy class of B^ share the same parity (Z2-grading), it makes sense to 
talk about even and odd conjugacy classes of Bn (and Bn)- One can show by using 
the Super Wedderburn's Theorem 1 2 . 2 1 that the number of simple -B„-modules coincides 
with the number of even conjugacy classes of Bn- 

For a conjugacy class C of B^ 9~^{C) is either a single conjugacy class of Bn or it 
splits into two conjugacy classes of Bn] in the latter case, C is called a split conjugacy 
class, and either conjugacy class in 0~^(C) will also be called split An element x G Bn 
is called split if the conjugacy class of x is split. If we denote On^{x) = {x, zx}, then x is 
split if and only if x is not conjugate to zx- By analyzing the structure of the even center 
of CBn using the Super Wedderburn's Theorem 12.21 and noting that CBn = Ci?„©?{„, 
one can show the following poj (also see jCWl Chapter 3]). 

Proposition 2.9. (1) The number of simple !Kn-modules equals the number of even 
split conjugacy classes of Bn- 
(2) The number of simple "Kn-modules of type Q equals the number of odd split 
conjugacy classes of Bn- 

Denote by 7 the set of all partitions and by ^n the set of partitions of n. We denote 
by the set of all strict partitions of n, and by 01P„ the set of all odd partitions of 
n. Moreover, we denote 



n>0 n>0 

and denote 

§y+ = {A G §?n I ^(A) is even}, 
§y- = {A G Sy„ I ^(A) is odd}. 

The conjugacy classes of the group Bn (a special case of a wreath product) can be 
described as follows, cf. Macdonald \Mac\ I, Appendix B]. Given a cycle t = (ii, . . . , im), 
we call the set {ii, . . . ,im} the support of t, denoted by supp(t). The subgroup of 
Bn consists of elements bj := Htg/^j ^ {l)---;^}- Each element bja G Bn 
can be written as a product (unique up to reordering) bia = {bi-^ai){b[2a2) - - - {bi^ak)-, 
where a G &n is a product of disjoint cycles a = ai - - - a^, and C supp((Ta) for each 
1 < a < A;. The cycle-product of each bi^Ua is defined to be the element Hie/a ^* ^ 
(which can be conveniently thought as a sign it). Let mf (respectively, m^) be the 
number of i-cycles of bja with associated cycle-product being the identity (respectively, 
the non-identity). Then p"*" = (i™'* )j>i and p~ = (i™' )j>i are partitions such that 
\P~^\ + \P~\ — ^- The pair of partitions {p~^,p^) will be called the type of the element 
bja- 

The basic fact on the conjugacy classes of Bn is that two elements of Bn are conjugate 
if and only if their types are the same. 
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Example 2.10. Let t = (1, 2, 3, 4)(5, 6, 7)(8, 9), a = (1, 3, 8, 6)(2, 7, 9)(4, 5) G 6io. 
Both X = ((+,+, +,-,+,+,+,-,+,-),r) and y = ((+,-,-,-,+,-,-,-,+,-), a) 
in BiQ have the same type {p'^,p~) = ((3), (4,2, 1)). Then x is conjugate to y in Biq. 

The even and odd split conjugacy classes of Bn are classified by Read [Re] as follows. 
The proof relies on an elementary yet lengthy case-by-case analysis on conjugation, and 
it will be skipped (see |CW1 Chapter 3] for detail). 

Theorem 2.11. jRej The conjugacy class Cp+ p- in Bn splits if and only if 

(1) For even Cp+ p-, we have G Oy„ and p~ = 0; 

(2) For odd Cp+ p-, we have p^ = % and p~ G • 

For a G 07 n we let be the split conjugacy class in Bn which lies in 6~^{Ca$) 
and contains a permutation in of cycle type a. Then zQ'^ is the other conjugacy 
class in 6'^^(Co,0), which will be denoted by C~. By ()2.8p and Proposition 12.91 we 
can construct a (square) character table {^Pa)ip,a for whose rows are simple 
characters (p or equivalently, simple spin i?„-characters (with Z2-grading implicitly 
assumed), and whose columns are even split conjugacy classes C+ for a G O^n- 

Recall the Euler identity that |SlPn| = lO^nl- By Proposition 12.91 and Theorem 12. Ill 
we have the following. 

Corollary 2.12. The number of simple 'Jin-modules equals |SIPn|. More precisely, the 
number of simple 'Kn-modules of type M equals ISIP^I and the number of simple 'Kn- 
modules of type Q equals {STnl- 

3. The (spin) characteristic map 

In this section, we develop systematically the representation theory of "K^ after a 
quick review of the Frobenius characteristic map for ©„. Following |Jo2| . we define 
a (spin) characteristic map using the character table for the simple !K„-modules, and 
establish its main properties. We review the relevant aspects of symmetric functions. 
The image of the irreducible characters of "Kn under the characteristic map are shown 
to be Schur Q-functions up to some 2-powers. 

3.1. The FVobenius characteristic map. The conjugacy classes of (3„ are parame- 
terized by partitions A of n. Let 

i>l 

denote the order of the centralizer of an element in a conjugacy class of cycle type A. 

Let Rn '■= R{&n) be the Grothendieck group of ©„-moD, which can be identified 
with the Z-span of irreducible characters of the Specht modules S'^ for A G IPn- 
There is a bilinear form on Rn so that (x^, X^) = ^Xfi- This induces a bilinear form on 
the direct sum 

oo 

R — Rm 

n=0 

so that the RnS are orthogonal for different n. Here Rq = Z. In addition, i? is a graded 
ring with multiplication given by fg = Indg'"^g (/ (E> g) for / G Rm and g G Rn- 
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Denote by A the ring of symmetric functions in infinitely many variables, which is 
the Z-span of the monomial symmetric functions mx for A G J". There is a standard 
bilinear form (•,•) on A such that the Schur functions sx form an orthonormal basis 
for A. The ring A admits several distinguished bases: the complete homogeneous 
symmetric functions {hx}, the elementary symmetric functions {ex}, and the power- 
sum symmetric functions {px}- See [Mac] . 

The (Frobenius) characteristic map ch : 72 — )• A is defined by 

(3-1) ch(x) = z;;^x^lP^l, 

where Xn denotes the character value of x at a permutation of cycle type fi. Denote by 
In and sgn„ the trivial and the sign module/character of &n, respectively. It is well 
known that 

• ch is an isomorphism of graded rings. 

• ch is an isometry. 

• ch(l„) = hn, ch(sgn„) = e„, ch(x^) = sx- 
Moreover, the following holds for any composition /x of n: 

(3.2) ch(ind^|n„) = /i^, 

where = x x • • • denotes the associated Young subgroup. 
We record the Cauchy identity for later use (cf. |Macl I, §4]) 

(3.3) Yl "^M(y)^M(^) = n 1 = Yl «A(y)sA(^). 

3.2. The basic spin module. The exterior algebra Cln is naturally an J{„-moduIe 
(called the basic spin module) where the action is given by 

for a E &n- Let a = ai . . . ai S be a cycle decomposition with cycle length of ai 
being //j. If / is a union of some of the supp((Tj)'s, say / = supp((Ti^) U . . . U supp(cjjj, 
then ct(c/) = (— 1)'*h+---+^*»s~'^c/. Otherwise, cr(c/) is not a scalar multiple of c/. This 
observation quickly leads to the following. 

Lemma 3.1. The value of the character ^"^ of the basic spin "Kn-module at the conju- 
gacy class is given by 

(3.4) e2 = 2'^"\ aGO^n- 

The basic spin module of should be regarded as the spin analogue of the triv- 
ial/sign modules of ©„. 

3.3. The ring . Thanks to the superalgebra isomorphism (12. Sp . !K„-moi) is equiva- 
lent to the category of spin i?„-modules. We shall not distinguish these two isomorphic 
categories below, and the latter one has the advantage that one can apply the standard 
arguments from the theory of finite groups directly as we have seen in Section [2j Denote 
by Rn the Grothendieck group of ?{„-mo£). As in the usual (ungraded) case, we may 
replace the isoclasses of modules by their characters, and then regard R^ as the free 
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abelian group with a basis consisting of the characters of the simple JC^-modules. It 
follows by Corollary 12. 121 that the rank of R~ is |S1P„,|. Let 

oo cx> 
n=0 n=0 

where it is understood that Rq = 7L. 

We shall define a ring structure on R~ as follows. Let 'Mm^n be the subalgebra of 
"Km+n generated by Clm+n and &m x S„. For M G JC^-moO and N G :X„-moc), M®N 
is naturally an ;Km^„-module, and we define the product 

and then extend by Z-bilinearity. It follows from the properties of the induced charac- 
ters that the multiplication on R~ is commutative and associative. 

Given spin i?„-modules Af , N , we define a bilinear form on R and so on Rq by letting 

(3.5) (M, Af) = dimHom^jM, Af). 

3.4. The Schur Q-functions. The materials in this subsection are pretty standard (cf. 
[MacllJoI] and \CW\ Appendix A]). Recall pr is the rth power sum symmetric function, 
and for a partition = {/ii, H2, . . .) we define = p^iP^2 " ' ■ Let x = {xi,X2, . . .} be 
a set of indeterminates. Define a family of symmetric functions qr = (lr{x), r > 0, via 
a generating function 

(3.6) Qit):=Y,q^{x)f = J{^-±^. 

r>0 i * 



It follows from (|3.6|) that 



r>l,r odd 



g(t) = exp(2 Yl ^ 



Componentwise, we have 

(3.7) 1n= 2'^"^^«V. 

Note that qq = 1, and that Q{t) satisfies the relation 

(3.8) Q{t)Q{-t) = 1, 
which is equivalent to the identities: 

(-i)"grgs = 0, n> L 

T+s=n 

These identities are vacuous for n odd. When n = 2m is even, we obtain that 

m— 1 ^ 

(3.9) q2m = Yi-'^y~'^rq2m-r " ^.(-l)'"^^. 

Let r be the Z-subring of A generated by the q^s: 

r = Z[qi,q2,q3,. . .]. 
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The ring F is graded by the degree of functions: F = ©„>or'". We set Fq = Q (^z T. 
For any partition fi = (//i, //2) • • •)) define 

Qfj, — QiJ.iQfj,2 • • • • 

Theorem 3.2. The following holds for F and Fq; 

(1) Fq is a polynomial algebra with polynomial generators P2r-i for r > 1. 

(2) {p^ I /i € OCP} forms a linear basis for Fq. 

(3) {Qh I fJ- S OT} forms a linear basis for Fq. 

(4) {q^ I fj, G SCP} forms a Z-basis for F. 

Proof. By clearing the denominator of the identity 

^ r>0 

we deduce that 

rqr = 2{piqr-i +^3^,-3 + •••)• 

By using induction on r, we conchide that (i) each qr is expressible as a polynomial in 
terms of Ps's with odd s; (ii) each pr with odd r is expressible as a polynomial in terms of 
g^'s, which can be further restricted to the odd s. So, Fq = Q[pi,P3, • • •] = Q[qi, qs, • • •], 
and from this (1), (2) and (3) follow. 

To prove (4), it suffices to show that, for any partition A, 

for some o^a £ ^- This can be seen by induction downward on the dominance order on 
A with the help of (^M)- ^ 

We shall define the Schur Q-functions Qx, for A G ST. Let 

Q(n) =(ln, n> 0. 

Consider the generating function 

Q(ti,t2) := (Q(ti)Q(t2)-l)J^. 

tl + E2 

By p.Sp . Q{ti,t2) is a power series in ti and t2, and we write 



Q{tl,t2) — ^ Q(r,s)*l4- 

r-,s>0 

Noting Q{ti,t2) = -Q{t2,ti), we have Q(r,s) = -Q{s,r),Q{r,o) = Qr- In addition, 

s 

Q{r,s) = QrQs + 2 r > s. 



1=1 
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For a strict partition A = (Ai, . . . , Am), we define the Schur Q-function Q\ recursively 
as follows: 

m 

= Z](-^)^^(Ai>A,)Q(A2,...,A„...,A„)' form even, 
i=2 

m 

= Z](-l)'~'^A,^(A„...,A,,...,A„)' for "I odd. 

i=i 

Note that the Q\ above is simply the Laplacian expansion of the pfaffian of the skew- 
symmetric matrix {Q(^\^,\ )) when m is even (possibly Am = 0). 

It follows from the rccursivG dcfiriitioii of Qx cuid (j3.9p tliat, for A G SIP/t,, 



Qa = ^A + X] ^Am^M: 

/xesy„,/x>A 

for some G Z. From this and Theorem 13.21 we further deduce the following. 

Theorem 3.3. The Qx for all strict partitions A form a Z-basis for F. Moreover, for 
any composition fi of n, we have 



A6Sy„,A>/x 



where Kx^ £ Z and Kxx = 1 



Let X = {xi,X2, • • •} and y = {yi,y2, • • •} be two independent sets of variables. We 
have by ()3.6p that 

(3.10) n = E 2^^")-.- V(x)p«(2/). 
We define an inner product (•, •) on Fq by letting 

(3.11) {Pa,Pp) = 2-'^''haSaf,. 

Theorem 3.4. We have 

(Qa,Qm) = 2'(^^'^Ap.. A,/iGSy. 
Moreover, the following Cauchy identity holds: 

n^^^=E2-'^'^QA(x)QA(y). 

1 — XiVj ^-^ 

We will skip the proof of Theorem 13.41 and make some comments only. The two 
statements therein can be seen to be equivalent in light of (IS.lOh and (j3.1ip . One pos- 
sible proof of the first statement following from the theory of Hall-Littlewood functions 
[Mac] . and another direct proof is also available |Jolj . The second statement would 
follow easily once the shifted Robinson-Schensted-Knuth correspondence is developed 
(cf. (Sag Corollary 8.3]). 
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3.5. The characteristic map. We define the (spin) characteristic map 

ch.- -.R^ — ^ Tq 

to be the linear map given by 

(3.12) ch-((/?)= Z-^ipaPa, V>^Rn- 

The following theorem is due to Jozefiak [Jo2j (see [CWl Chapter 3] for an exposition) . 

Theorem 3.5. |Jo2j (1) The characteristic map ch~ : Rq — )• Tq is an isometry. 
(2) The characteristic map ch" : Rq — t- Tq is an isomorphism of graded algebras. 

Sketch of a proof. We first show that ch~ is an isometry. Take ipjip £ R~. Since ip is 
a character of a Z2-graded module, we have the character value ipf^ — for a O^P^^. 
We can reformulate the bilinear form (|3.5p using the standard bilinear form formula on 
characters of the finite group i?„ as 



which can be seen using (j3.1ip to be equal to {ch.~ {cp) , ch~ {^p)) . 

Next, we show that ch~ is a homomorphism of graded algebras. For (p G , ip S R^ 
and 7 G OTm+n, we obtain a standard induced character formula for ((/> • tp)^ evaluated 
at a conjugacy class C^. This together with the definition of ch~ imply that 



ch {ct)-i>) = ^ 2^-^('^- V')7P7 
7G0T 

= ^ J2 z~'^^^(f>ai'i3P-y = ch.~{(j))di"{i;). 

7 a,/3GOT,aU/3=7 ^"^^ 

Recalling the definition of ch~ and the basic spin character it follows by (13. 7p 
and Lemma [3T] that ch~(^") = qn. Since g„ for n > 1 generate the algebra Tq by The- 
orem [3?2l ch~ is surjective. Then ch~ is an isomorphism of graded vector spaces by the 
following comparison of the graded dimensions (cf. Corollarv 12.121 and Theorem 13. 2p : 

dimg -Rq = n(l + q'') = diniq Tq. 

r>l 

This completes the proof of the theorem. □ 

Recall from the proof above that ch~(^") = Regarding ^("^ = we define 
for A G SIP using the same recurrence relations for the Schur Q-functions Q\. Then by 
Theorem ESI ch-(e^) = Qx, and i^^,^'') = 2^W(5a/., for A,/x G ST. 

For a partition A with length ^(A), we set 

0, if ^(A) is even, 

1, if £(A) is odd. 



(3.13) (5(A) 



By chasing the recurrence relation more closely, we can show by induction on £(X) that 
the element 

(•^ := 2 2 



16 WAN AND WANG 

lies in for A G STn- Note that 

(3.14) ch-(C^) = 2 —Qx. 

It follows that, for each A G §'?n, 



Given fi £ 7n, let us denote !Kn := Cgi ® • • • , and recall the Young subgroup 



of 6n- The induced JCn-module 



M^' := J{„ ®C6^ In 

will be called a permutation module of ?f„. By the transitivity of the tensor product, 
it can be rewritten as 

M^' = (ei^, ® «>•••)• 

Since ch~(^") = qn and ch~ is an algebra homomorphism, we obtain that 
(3.15) ch-(M'^) = g^. 

Theorem 3.6. |Jo2j The set of characters for A G SCP n is a complete list of pairwise 

non-isomorphic simple (super) characters of "Kn- Moreover, the degree of C,^ is equal 

e(x)-s{x) 
to 2" 2 Q)^^ where 

n! Y\ ^i- 
Ai!...A,!y A, + A/ 

Sketch of a proof. For strict partitions X, fj,, we have 

{C\e) = 0, forA//x. 

From this and Corollary 12.121 it is not difficult to see that either (^"^ or is a simple 
(super) character, first for A with ^(A) even and then for A with ^(A) odd. 

To show that instead of — (''^ is a character of a simple module, it suffices to know 
that the degree of is positive. The degree formula can be established by induction 
on £(A) (see the proof of |Joll Proposition 4.13] for detail). □ 

We shall denote by the irreducible Jf„-module whose character is C'^, for A G STn- 
The following is an immediate consequence of Theorem 13.31 (|3.14p , and (|3.15p . 

Proposition 3.7. Let he a composition of d. We have the following decomposition 
of as an "Kd-module: 



2-^Kx^D\ 



where G 
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4. The Schur-Sergeev duality 

In this section, we formulate a double centralizer property for the actions of the Lie 
superalgebra q(n) and of the algebra Jf^ on the tensor superspace ^C"'")®'^. We obtain 
a multiplicity-free decomposition of (C"!")'^'^ as a f/ (q(n))(X'IK^-module. The characters 
of the simple q(n)-modules arising this way are shown to be Schur Q-functions (up to 
some 2-powers). 

4.1. The classical Schur duality. Let us first recall a general double centralizer 
property. We reproduce a proof below which can be easily adapted to the superalgebra 
setting later on. 

Proposition 4.1. Suppose that W is a finite- dimensional vector space, and is a 
semisimple subalgebra of End(W) . Let A = EndB(VF). Then, EndjiiW) = 23. 
As an A® "B- module, W is multiplicity-free, i.e., 

i 

where {Ui} are pairwise non-isomorphic simple A-modules and {Vi} are pairwise non- 
isomorphic simple "B -modules. 

Proof. Assume that Va are all the pairwise non-isomorphic simple S-modules. Then 
the Hom-spaces Ua ■= Hom3(V^,VF) are naturally yi-modules. By the semisimplicity 
assumption on 23, we have a 23-module isomorphism: 

a 

By applying Schur's Lemma, we obtain 

A = Ends(VF) ^ End2?(C/a K) = End(C/,) ® idy,. 

a a 

Hence A is semisimple and Ua are all the pairwise non-isomorphic simple yi-modules. 

Since A is now semisimple, we can reverse the roles of A and "B in the above com- 
putation of End3(VF), and obtain the following isomorphism: 

EndA{W) = 0idc/„ End(K) = B. 

a 

The proposition is proved. □ 

The natural action of gl(n) on induces a representation {ujd, (C")'^'^) of the general 
linear Lie algebra Ql{n), and we have a representation [ipd, (C")®'^) of the symmetric 
group Gd by permutations of the tensor factors. 

Theorem 4.2 (Schur duality). The images ujd{U{Ql{n))) and ipdi'C'&d) satisfy the dou- 
ble centralizer property, i.e., 

Ud{U{Ql{n))) =Endc6,((C")®'^), 

Endgi(„)((C")«^) = ^rf(C6,). 




18 WAN AND WANG 

Moreover, as a Ql{n) x Qd-module, 

(4.1) ^^n^^d^ L{X)^S\ 

AGTd,^(A)<n 

where L{X) denotes the irreducible Q\[n)-module of highest weight A. 

We will skip the proof of the Schur duality here, as it is similar to a detailed proof 
below for its super analogue (Theorems 14.71 and I4.8p . 

As an application of the Schur duality, let us derive the character formula for 
chL(A) = trxj^^^x^^^ • • ■ x^"'"-\l(x)i where as usual En denotes the matrix whose (z,i)th 
entry is 1 and zero else. 

Denote by C3'rf(n) the set of compositions of d of length < n. Set W = (C")®'^. 
Given ^ G CTrf(n), let VF^ indicate the ^-weight space of W . Observe that has a 
linear basis 

(4.2) ej, ® . . . (g) ei^, with {ii, . . . = {1, . , 1, . . 

Ml 

On the other hand, S„ acts on the basis (14. 2p of VF^ transitively, and the stablizer 
of the basis element e^^ ® ■ ■ ■ ® Cn" is the Young subgroup S^. Therefore we have 
Wf, = Ind||^ Id and hence 

(4.3) VF- Ind|n,. 

This and (14. Ih imply that 

Indglrf- L(A)®5\ 

Applying the trace operator trx^^^x^^^ • • • x^"" and the Frobenius characteristc map 
ch to both sides of the above isomorphism and summing over d, we obtain 

^ m^{xi,...,Xn)h^{z) = ^ chL(A)sA(^), 

where z = {zi, Z2, ■ ■ ■} is infinite. Then using the Cauchy identity ()3.3p and noting 
the linear independence of the sx{zys, we recover the following well-known character 
formula: 

(4.4) chL(A) = sa(xi,X2, . . . ,2;n)- 

4.2. The queer Lie superalgebras. The associative superalgebra Q{n) (defined in 
Section 12. 2p equipped with the super-commutator is called the queer Lie superalgebra 
and denoted by q(n). Let 

I{n\n) = {!,..., 

The q(n) can be explicitly realized as matrices in the n\n block form, indexed by I{n\n): 
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where a and b are arbitrary n x n matrices. The even (respectively, odd) part gg 
(respectively, gj) of g = q(n) consists of those matrices of the form (j4.5p with 6 = 
(respectively, a = 0). Denote by Eij for i,j E I{n\n) the standard elementary matrix 
with the (i,j)th entry being 1 and zero elsewhere. 

The standard Cartan subalgebra f) = f)o©fli of g consists of matrices of the form (14. 5p 
with a,b being arbitrary diagonal matrices. Noting that [flo,f)] = and [f)i,f)i] = i)o, 
the Lie superalgebra f) is not abelian. The vectors 

Hi := Ej-^ + Eii, i = l,...,n, 

is a basis for the f)o- We let {€i\i = 1, . . . ,n} denote the corresponding dual basis in 
t)g. With respect to f)o we have the root space decomposition g = f) © 0Qg$ g^ with 
roots {ei — ej\l < i j < n}. For each root a we have dimc(ga)i = 1, for i £ Z2. The 
system of positive roots corresponding to the Borel subalgebra b consisting of matrices 
of the form (|4.5p with a, b upper triangular is given by {ci — ej\l < i < j < n}. 

The Cartan subalgebra f) = f)o © f)i is a solvable Lie superalgebra, and its irreducible 
representations are described as follows. Let A E f)g and consider the symmetric bilinear 
form (•, •)a on f)j defined by 

{v,w)x := X{[v,w]). 

Denote by Rad(-,-)A the radical of the form (•,-)a- Then the form (•,-)a descends 
to a nondegenerate symmetric bilinear form on f)j/Rad(-, •)a, and it gives rise to a 
Clifford superalgebra Ql\ := C/(f)j/Rad(-, ■)x). By definition we have an isomorphism 
of superalgebras 

eix = u{i))/h, 

where I\ denotes the ideal of U{1)) generated by Rad(-, •)a and a — A(a) for a E f)o- 

Let f)j C f)j be a maximal isotropic subspace and consider the subalgebra f)' = f)o©f)j- 
Clearly the one-dimensional f)Q-module Cv\, defined by hv\ = X{h)v\, extends trivially 
to t)'. Set 

Wx := Ind^Cvx. 

We see that the action of factors through Clx so that Wx becomes the unique irre- 
ducible C^A'^iodule and hence is independent of the choice of f)j. The following can 
now be easily verified. 

Lemma 4.3. For A E i}^, Wx is an irreducible \)-module. Furthermore, every finite- 
dimensional irreducible \)-module is isomorphic to some Wx- 

Let y be a finite-dimensional irreducible g-module and let Wfj_ be an irreducible f)- 
submodule of V. For every v E W^ we have hv = fJ,{h)v, for all /i E f^g. Let a be a 
positive root with associated root vectors Cq, and in n"*" satisfying dege^ = and 
degCQ, = 1. Then the space CcaW^ + CcqVF^ is an t)-module on which f)o transforms 
by the character + a. Thus by the finite dimensionality of V there exists A E f)g 
and an irreducible f)-module Wx ^ V such that u+Wa = 0. By the irreducibility of 

V we must have U{n~)Wx = V, which gives rise to a weight space decomposition of 

V = ©^£(,5 V^. The space Wx = Vx is the highest weight space of V, and it completely 
determines the irreducible module V. We denote V by V{X). 
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Let £{X) be the dimension of space f)i/Rad(-, •)a, which equals the number of i such 
that X{Hi) 7^ 0. Then the highest weight space Wx of V{X) has dimension 2(^(^)+'^(^))/2. 
It is easy to see that the f)-module Wx has an odd automorphism if and only if £{X) 
is an odd integer. An automorphism of the irreducible g-module ^(A) clearly induces 
an (^-module automorphism of its highest weight space. Conversely, any {)-module 
automorphism on Wx induces an automorphism of the g-module Ind^VFx- Since an 
automorphism preserves the maximal submodule, it induces an automorphism of the 
unique irreducible quotient g-module. Summarizing, we have established the following. 

Lemma 4.4. Let g = q(n), and \) he a Cartan subalgebra of q. Let A G f)g and V{X) 
be an irreducible Q-module of highest weight X. We have 

J- n J rirr\\\ f 1> if f-W is even, 
dn^i?H(y(A)) = | 2, :fi\x)^sodd. 

4.3. The Sergeev duality. In this subsection, we give a detailed exposition (also see 
|CW( Chapter 3]) on the results of Sergeev |Selj . 

Set V = C"!"". We have a representation {i}^, V^'^) of hence of its subalgebra 

q(7i), and we also have a representation (^'^,1/®'^) of the symmetric group 6d defined 

by 

'^d{si).{vi (g> . . . (g> Vi (g) Vi+1 (g> . . . (g> Vd) = (g) . . . (g) Vi+i (g) Vi (g) . . . (g) Vd, 

where Si = {i,i + 1) is the simple reflection and Vi,Vi^i G V are Z2-homogeneous. 
Moreover, the actions of gl{n\n) and the symmetric group &d on V®'^ commute with 
each other. Note in addition that the Clifford algebra Qld acts on V'^'^, also denoted 
by ^-d: 

'i>d{Ci).{vi (g) . . . (g) Vd) = + (g...(g Vi-l g) PVi g) . . . g) Vd, 

where Vi £V is assumed to be Z2-homogeneous and 1 < i < n. 

Lemma 4.5. Let V = C"'". The actions of &d and Qld above give rise to a represen- 
tation {"^d,y^'^) ofKd- Moreover, the actions of c\{n) and "Kd on V^"^ super-commute 
with each other. 

Symbolically, we write 

q(n) r\ -r\ "Kd- 

Proof. It is straightforward to check that the actions of &d and Qld on V®'^ are compat- 
ible and they give rise to an action of Jf^. By the definition of q(n) and the definition 
of ^d{ci) via P, the action of q(n) (super) commutes with the action of q for 1 < i < d. 
Since g[(n|n) (super)commutes with S^, so does the subalgebra q(n) of g[(n|n). Hence, 
the action of q(n) commutes with the action of "Kd on V®'^. □ 

Let us digress on the double centralizer property for superalgebras in general. Note 
the superalgebra isomorphism 

Q{m) (g Q{n) = M{mn\mn). 

Hence, as a Q{m) <g Q{n)-module, the tensor product C™''" <g C"'" is a direct sum 
of two isomorphic copies of a simple module (which is = C™"'™"), and we have 
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HomQ(„)(C"l",C'""l'"") ^ C"'!'" as a Q(m)-module. Let A and S be two semisim- 
ple superalgebras. Let M be a simple A-module of type Q and let be a simple 
"B-module of type Q. Then, by Lemma l2.5( the A ® S-supermodule M ^ is a di- 
rect sum of two isomorphic copies of a simple module M ® of type M, and we shall 
write M®N = 2"^M(g)iV; Moreover, Horns (A^, 2"^M(gi iV) is naturally an ^l-module, 
which is isomorphic to the yi-module M. The usual double centralizer property Propo- 
sition 14.11 affords the following superalgebra generalization (with essentially the same 
proof once we keep in mind the Super Schur's Lemma l2.3p . 

Proposition 4.6. Suppose that W is a finite- dimensional vector superspace, and "B is 
a semisimple subalgebra o/End(Vl^). Let A = End's{W). Then, Endji{W) = S. 
As an A (i^ 'B -module, W is multiplicity-free, i.e., 

i 

where 6i G {0, 1}, {Ui} are pairwise non-isomorphic simple A-modules, {Vi} are pair- 
wise non-isomorphic simple -modules. Moreover, Ui and Vi are of same type, and 
they are of type M if and only if 6i = 0. 

Theorem 4.7 (Sergeev duality I). The images r2d(C/(q(?i))) and "^dC^d) satisfy the 
double centralizer property, i.e., 

J^,(C/(q(n))) =Endj^,(y®'^), 

Proof. Write g = q(n). We will denote by Q{V) the associative subalgebra of endo- 
morphisms on V which super-commute with the linear operator P. By Lemma 14.51 we 
have Orf(C/(0)) C EndM,(T^®^). 

We shall proceed to prove that i}d{U{g)) 5 Endj{^(y®'^). By examining the actions 
of Cld on V^^, we see that the natural isomorphism End(y)®'^ = End(y^'^) allows us 
to identify Endei^iV^'^) = Q{V)'^'^. As we recah IK^ = C/^ x 6d, this further leads to 
the identification Endjr^(y®"') = Sym'^(Q(F)), the space of ©^-invariants in Q(F)®'^. 

Denote by Yfc, 1 < A; < d, the C-span of the supersymmetrization 

oj{xi, ... ,Xk) := ^ cr.{xi (g) . . . (g) Xfc (g) 1"'"''), 

for all Xi G Q{V). Note that Yd = Sym'^{Q{V)) = Endji^{V^'^) . 

Let X = n{x) = J2i=i V~^^x0l'^-\ for x £q = QiV), and denote hy Xk,l < k < d, 
the C-span of xi . . . x^ for all Xi £ (\{n). 

Claim. We have Yfe C for 1 < < d. 

Assuming the claim, we have ^^([/(g)) = Endji.Cl/®'^) = Ends(y®'^), for B := 
^di^d)- Note that the algebra "Kd, and hence also 23, are semisimple superalgebras, and 
so the assumption of Proposition 14.61 is satisfied. Therefore, we have End^/^g) (V^'^) = 
^di^d). 

It remains to prove the Claim by induction on k. The case k = 1 holds, thanks to 
uj{x) = {d — l)\x. 
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Assume that C Xk-i- Note that uj{xi, . . . , Xk-i) • Xk G Xk- On the other hand, 
we have 

i0{xi,...,Xk-l) - Xk 

= ^ a.{xi (g) . . . (g) Xk-i (g) . Xfc 

i=i (TG6d 

which can be written as a sum Ai + A2, where 

k-l 

Ai = '^uj{xi,... ,XjXk,...,Xk-i) GYfe-i, 

and 

d 

= X X cr.(xi (g) . . . g) Xk-i 1^"'' ® Xfc g) l'^"^') 
j=k o-g6d 

= (d - + l)a;(xi, . . . , Xk-i,Xk). 

Note that S X^, since Yfc-i ^ -^^fc-i ^ ^fe- Hence, G X^, and so, 1^ C X^. 
This proves the claim and hence the theorem. □ 

Theorem 4.8 (Sergeev duahty II). Let V = C"'". As a U{c\{n)) ^Jid-module, we have 

(4.6) V®"^^ 2-'5Wy(A)®Z)^. 

AgSa'd/(A)<n 

Proof. Let = T/®"^. It fohows from the double centralizer property and the semisim- 
plicity of the superalgebra Ji/^ that we have a multiplicity-free decomposition of the 
(q(n), ^Krf)-module W: 

where V^'^^ is some simple q(n)-module associated to A, whose highest weight (with 
respect to the standard Borel) is to be determined. Also to be determined is the index 
set £Jd(n) = {A G STa \ V^^^ / 0}. 

We shall identify as usual a weight /i = Y17=i f^i^i occuring in W with a composition 
/i = {ni, . . . , Hn) G C!P(i(n). We have the following weight space decomposition: 

(4.7) w= ^ W„ 

where has a linear basis Cj^ (g . . . Cg) Cj^, with the indices satisfying the following 
equality of sets: 

{\ii\,...,\id\} = {!,... ,l,...,n,...,n}. 

Ml fin 
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We have an J{(i-module isomorphism: 

(4.8) ^ M^, 

where we recall M^^ denotes the permutation CKf^-module Af^ = ^K^^ ®c&^ Irf- 

It follows by Proposition [321 and that l/W = 0^geTd(n),M<A ^i^'' hence, 
A S if yt'^l 7^ 0. Among all such /i, clearly A corresponds to a highest weight. 

Hence, we conclude that = V{\), the simple g-module of highest weight A, and 
that 0.d{n) = {A G S^d | £(A) < n}. This completes the proof of Theorem iSl □ 



4.4. The irreducible character formula for q(n). A character of a q(n)-module 
with weight space decomposition M = is defined to be 



trxfi . . . 3;^"|m = ^ dimM^ • 
/x=(/xi,...,/x„) 



Theorem 4.9. iei \ be a strict partition of length < n. The character of the simple 
q{n)-module V{X) is given by 

e{x)-s(x) 

chV{X) = 2 2 Qx{xi,...,Xn). 
Proof By (jiT]) and (jM]), we have 

^®"= Indgld. 

Applying ch~ and the trace operator tr x^^ . . . x^" to this decomposition of V^'^ si- 
multaneously, which we will denote by ch^, we obtain that 



n T 



1 + 



l<i<n,l<j * J 

2-^(^)Qa(3;i,...,x„)Qa(^ 



AeST 



where the last equation is the Cauchy identity in Theorem 13.41 and the middle equation 
can be verified directly. 

On the other hand, by applying ch^ to (14. 6p and using (|3.14p . we obtain that 



Y,^\i\V®'') = J2 2-^Wchy(A) • 2-'-^^Qx{z). 

Now the theorem follows by comparing the above two identities and noting the linear 
independence of the Qx{z)^s. □ 
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5. The coinvariant algebra and generalizations 

In this section, we formulate a graded regular representation for "Kn, which is a 
spin analogue of the coinvariant algebra for 6„. We also study its generalizations 
which involve the symmetric algebra S*C'^ and the exterior algebra A*C". We solve 
the corresponding graded multiplicity problems in terms of specializations of Schur Q- 
functions. In addition, a closed formula for the principal specialization Q^(l,t, i^, . . .) 
of the Schur Q-function is given. 

5.1. A commutative diagram. Recall a homomorphism ip ( cf. [Mac! Ill, §8, Exam- 
ple 10]) defined by 

, . / N / 2pr, for r odd, 

(^•^^ ^(^^^=1 0, otherwise, 

where pr denotes the rth power sum. Denote 



n>0 i r>l 

Note that Q{t) from ()3.6p can be rewritten as 

Q(t)=exp(2 Y: 

r>l,r odd 

and so we see that 

(5.2) ^{H{t)) = Q{t). 
Hence, we have ip{hn) = q.„ for all n > 0, and 

(5.3) ^{h^) = q^, V^i G y. 

Given an 6„-module M, the algebra 'Kn acts naturally on C/^^M, where CZ„ acts by 
left multiplication on the first factor and (3„ acts diagonally. We have an isomorphism 
of J{„-modules: 

(5.4) e/„ ® M ^ Indce^Af. 
Following |WW2] . we define a functor for n > 

:6„-moc) — > IK,„-moi) 
<i>„(M) = ind^g^M. 
Such a sequence {^n} induces a Z-linear map on the Grothendieck group level: 

by letting ^>([M]) = [^>„(M)] for M £ 6„-moO. 

Recall that R carries a natural Hopf algebra structure with multiplication given by 
induction and comultiplication given by restriction |Zej . In the same fashion, we can 
define a Hopf algebra structure on R~ by induction and restriction. On the other hand, 
Aq = Q\pi,P2,P3, . . .] is naturally a Hopf algebra, where each pr is a primitive element. 
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and Fq = Q[pi,P3,P5, • • •] is naturally a Hopf subalgebra of Aq. The characteristic map 
oh : Rq — )• Aq is an isomorphism of Hopf algebras (cf . |Zej ) . A similar argument easily 
shows that the map ch~ : Rq — )• Tq is an isomorphism of Hopf algebras. 



Proposition 5.1. |WW2j The map ^ : Rq — )• Rq is a honiomorphism of Hopf algebras. 
Moreover, we have the following commutative diagram of Hopf algebras: 



(5.5) 



ch 



A. 



-> Ri 



ch 



Proof. Using (|3.2|) and (|5.3|) we have 

<^(ch(ind^|n„)) 
On the other hand, it follows by (|3.15p that 



ch-(cl.(ind^|"l„)) =ch-(ind^g 1 



This establishes the commutative diagram on the level of linear maps, since Rn has a 
basis given by the characters of the permutation modules ind^g^l„ for fj, G 

It can be verified easily that ip : Aq — )■ Tq is a homomorphism of Hopf algebras. Since 
both ch and ch~ are isomorphisms of Hopf algebras, it follows from the commutativity 
of (15. 5p that $ : Rn — )■ i?^ is a homomorphism of Hopf algebras. □ 



We shall use the commutation diagram ()5.5p as a bridge to discuss spin generaliza- 
tions of some known constructions in the representation theory of symmetric groups, 
such as the coinvariant algebras, Kostka polynomials, etc. 

5.2. The coinvariant algebra for &n- The symmetric group 6„ acts onV = C" and 
then on the symmetric algebra S*V, which is identified with C[xi, . . . , Xn] naturally. It 
is well known that the algebra of (3„-invariants on S*V, or equivalently C[a;i, . . . , x^]®", 
is a polynomial algebra in ei, 62, . . . , Cn; where 6j = 6j[xi, . . . , Xn 1 denotes the ith ele- 
mentary symmetric polynomial. 

For a partition A = (Ai, A2, . . .) of n, denote 



(5.6) 



^A) = J](i-1)A,. 

i>l 



We also denote by hij = Aj + A'- 



- J + 1 the hook length and Cj,- = j — i the content 



associated to a cell {i,j) in the Young diagram of A. 

Example 5.2. For A = (4,3,1), the hook lengths are listed in the corresponding cells 
as follows: 



6 


4 


CO 


1 


4 


2 


1 




1 









In this case, n(A) = 5. 
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Denote by t* = t^, . . .) for a formal variable t. We have the following principal 
specialization of the rth power-sum: 

Pr(t*) = . 

The following well-known formula (cf. [Mac! I, §3, 2]) for the principal specialization 
of s\ can be proved in a multiple of ways: 

MX) 

ll(i,j)GA(l-* 

Write formally 

Stv = j2tHs^y)- 

Consider the graded multiplicity of a given Specht module for a partition A of n in 
the graded algebra S*V, which is by definition 

fx{t) := dim Home 

The coinvariant algebra of &n is defined to be 

iS*V)e„ = S*V/I, 

where / denotes the ideal generated by ei, . . . , e„. By a classical theorem of Chevalley 
(cf. |Kaj ). we have an isomorphism of ©n-modules: 

(5.8) S*V ^ {S*V)6„ {S*Vf'^ . 
Define the polynomial 

Closed formulas for fx{t) and /^(i) in various forms have been well known (cf. Stein- 
berg [S], Lusztig |Lul] . Kirillov [Ej). Following Lusztig, f^{t) is called the fake degree 
in connection with Hecke algebras and finite groups of Lie type. We will skip a proof 
of Theorem 15.31 below, as it can be read off by specializing s = in the proof of 
Theorem 15.41 Thanks to (j5.8p . the formula (j5.10p is equivalent to ()5.9p . 

Theorem 5.3. The following formulas for the graded multiplicities hold: 

MX) 

(5.9) fx{t) 



(5.10) f\t) = 



n{.M).A(i-*'^-) 

Note that the dimension of the Specht module 5'*' is given by the hook formula 



Il{i,j)£X ^ij 

Setting t I— )• 1 in (|5.10p confirms that the coinvariant algebra iS*V)Q^ is a regular 
representation of 
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5.3. The graded multiplicity in S*V A*V and S*V «) S*V. Recall that x = 
{xi,X2, . . .} and y = {yi, y2, • • •} are two independent sets of variables. Recall a well- 
known formula relating Schur and skew Schur functions: sx{x, y) = J2pcx ■^p{^)^\/p{y)- 
For X £ "P, the super Schur function (also known as hook Schur function) hs\{x;y) is 
defined as 

(5.11) hsx{x;y) = J2^p(^)^y /p'iv)- 

pCX 

In other words, hsx{x;y) = u)y{sx{x,y)), where Uy is the standard involution on the 
ring of symmetric functions in y. We refer to |CW[ Appendix A] for more detail. 
Since ujy{pr{y)) = (-I)''" V(2/), Pr{x;y) := LOy{pr{x,y)) for r > 1 is given by 

Prix;y) = - ^{-yjY. 

« j 

Applying ojy to the Cauchy identity p.3p gives us 
(5-12) 2^ sx{z)hsx{x; y) = 

Let a, b be variables. The formula in jMacl Chapter I, §3, 3] can be interpreted as the 
specialization of hsx{x; y) at x = at* and y = bt*: 

(5.13) hsx{at'-bt')=t-^'^ n 

The S^-action onV = C" induces a natural ©^-action on the exterior algebra 

n 

A*V = ^A^V. 

j=0 

This gives rise to a Z+ x Z+ bi-graded C6.„-module structure on 

S*V ® A*V = S'V® A^V. 

i>0,0<j<n 

Let s be a variable and write formally 

n 

A,y = ^s^'(aV). 

j=0 

Let /A(i, s) be the bi-graded multiplicity of the Specht module S'^ for A G in S*V (S) 
A*V, which is by definition 

fxit,s) = dimRomeAS^,StV<^AsV). 

Theorem 5.4. Suppose A G T^. Then 
(1) /A(t,s) = /isA(f;sf). 
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Formula (2) above in the second expression for f\{t, s) was originally established with 
a bijective proof by Kirillov-Pak [KPj . with (t* + sP) being corrected as + st^~^) 
above. Our proof below is different, making clear the connection with the specialization 
of super Schur functions. 

Proof. It suffices to prove (1), as (2) follows from (j5.13p and (1). 
By the definition of f\{t, s) and the characteristic map, we have 

(5.14) ch{StV ® AsV) = fx{t, s)sx{z). 

Take a = (1,2, . . . ,/zi)(/ii + 1, . . . , //i + //2) • • • in ©„ of type /i = (/Ui,/i2, • • • ,/^^) 
with I = Note that a permutes the monomial basis for S*V, and the monomials 
fixed by a are of the form 

{xiX2---X^^) (x^j^-f 1 . . . X^j^-f ^2 ) ^ • • • (^/ii + ...+/i£_i+l • • • ''^n) *i 

where ai . . . ,a£ € Z+. Let us denote by dxi . . . , dxn the generators for A*^. Similarly, 
the exterior monomials fixed by cj up to a sign are of the form 

{dxidx2 . . .dx^^f^{dx^^^i . . . dx^^+^J^^ . . . (dx^i+...+^^_j+i . . .dx„)^^ 

where 6i . . . ,6^ G {0, 1}. The sign here is (— ''i(A'i-i). 
Prom these we deduce that 

ai,...,ai>0,(bi,...,bi)€Zr^ 

_ (1 - (-s)'^i)(l - {-sY^) ... (1 - {-sY^) 

~ (r^^7A^^7(r^^^^^2y777(f~^M7) ■ 

We shall denote [u'^'']g{u) the coefficient of in a power series expansion of g{u). 
Applying the characteristic map ch, we obtain that 

(5.15) ch{StV^AsV) 

^ V -i (i-(-^r)(i-(-^r)---(i-(-gro 

M (l_tMi)(l-t/^2)...(l_tM^) 



/ , P^t (i* ; st* )p^ 

1 + USP Zi 



nny 



uP Zi 

j>0 i 



Y hsxit';sf)sx{z), 



where the last equation used the Cauchy identity (j5.12p . By comparing (j5.14p and 
(j5.15p . we have proved (1). □ 

We can also consider the bi-graded multiplicity of Specht modules for A G in 
the CSn-niodule S*V (8> S*V, which by definition is 

fx{t,s) = dimRom6^{S^, StV^SsV). 
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Theorem 5.5. [BL] We have f\{t,s) 
variables s'' \ j,k> 0}. 



sx{t*s'), for A G where t*s* indicates the 



Proof. By the definition of fx{t,s), we have 

(5.16) ch{StV ® SsV) = hit, s)sx{z). 
Arguing similarly as in the proof of Theorem 15. 4^ one deduces that 

(5.17) ch{StV (g> SsV) 
-I 1 1 



(l-t/^l)(l-t/^2)...(l 



t^'t] 



(1 - sA'i)(l - s/^2) ... (1 - s/^^ 



IE-;'-'" 



innr 

j,k>0 i 



ut^s^ 



Zi 



= sx{fs')sxiz), 

where the last equation used the Cauchy identity ()3.3p . The theorem is proved by 
comparing (j5.16p and (j5.17p . □ 

Remark 5.6. By ()5.8p and Theorem 15. 5|, the graded multiplicity of S^ for A G CPn 
in the ©„-module (S*y)6„ ® iS*V)e^ is nr=i(l " *'')(! - s'')sA(fs'). This recovers 
Bergeron-Lamontagne [BL| Theorem 6.1 or (6.4)]. 

5.4. The spin coinvariant algebra for IK,„. Suppose that the main diagonal of the 
Young diagram A contains r cells. Let = Aj — i be the number of cells in the rth 
row of A strictly to the right of {i,i), and let Pi = \[ — i he the number of cells in 
the ith column of A strictly below («,i), for 1 < i < r. We have ai > 02 > • • • > 
ar > Q and /3i > /32 > • • • > /3r > 0. Then the Frobenius notation for a partition is 
A = (ai, . . . , ar|/3i, . . . , fir)- For example, if A = (5, 4, 3, 1) whose corresponding Young 
diagram is 



A 



then Q = (4, 2, 0), /3 = (3, 1,0) and hence A = (4, 2, 0|3, 1, 0) in Frobenius notation. 

Suppose that ^ is a strict partition of n. Let ^* be the associated shifted diagram, 
that is, 

C = {ihj) I l<i<^(A),i<j<A, + i-l} 
which is obtained from the ordinary Young diagram by shifting the kth. row to the right 
by — 1 squares, for each k. Denoting ^(^) = i, we define the double partition ^ to 
be ^ = (^1, . . . , CelCi — 1, ^2 — 1, ... 5 — 1) in Frobenius notation. Clearly, the shifted 
diagram ^* coincides with the part of ^ that lies above the main diagonal. For each cell 
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(^ji) £ C*7 denote by h*j the associated hook length in the Young diagram ^, and set 
the content = j — i. 

Example 5.7. Let = (4,3,1). The corresponding shifted diagram ^* and double 
diagram ^ are 



The contents of are listed in the corresponding cell of ^* as follows: 






1 


2 


3 







1 


2 












The shifted hook lengths for each cell in ^* are the usual hook lengths for the corre- 
sponding cell in ^* , as part of the double diagram ^, as follows: 





7 


5 


4 


2 






4 


CO 


1 








1 















7 


5 


4 


2 




4 


3 


1 






1 





Since {S*V)e„ is a regular representation of ©„, C/„ (gi iS*V)e„ is a regular repre- 
sentation of "Kn by ()5.4p . Denote by 

= dim Horn e/„ » 5*^), 

= dimHomjc„(L)«, e/„ » (5iF)eJ. 

The polynomial d^{t) will be referred to as the spin fake degree of the simple 3fn-module 
D^, and it specializes to the degree of as t goes to 1. Note d^{t) = d^{t) nr=i(l-*'')- 



Theorem 5.8. [WWlj Let ^ be a strict partition of n. Then 

(1) d^(t) = 2-^^Q^(i-). 

(2) S{t) = 2-^^t"(on-^^^-^^)n'-^)ti^^*"^^ 

n{ij)ee(i-* ^^■) 

Proof. Let us first prove (1). By Lemma |3.H the value of the character ^" of the basic 
spin !K„-module at an element a € &n of cycle type ^ G OJ'n is 

tn ^ 2^('^). When 
combining with the computation in the proof of Theorem 15. 4( we have 



(1 - - t^'■^) . . . (1 - 
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Applying the characteristic map ch : R — )• Fq, we obtain that 

2^(m) 



(5.18) ch.- (ein (S) StV) = > z-^- ^ 



] ^ 2^(^)z;^txl^lp^(t-)p, 

n-p-r 1 + uf^Zj 
I- Uf^Zi 



m>0 i 



= ^ 2"^«)Q5(f)Q^(z), 

where the last two equations used (|3.1U|) and the Cauchy identity from Theorem 
It also follows by (I3.14p and the definition of d^{t) that 

c\i~{ein^StV)= 2 —d^{t)Q^{z). 

Comparing these two different expressions for ch~(CZ„ (8) SfV) and noting the linear 
independence of Q^{z), we have proved (1). Part (2) follows by (1) and applying 
Theorem 15.91 b elow . □ 



Theorem 5.9. The following holds for any ^ € S^: 

Theorem 15.91 in a different form was proved by Rosengren |Roj using formal Schur 
function identities, and in the current form was proved in |WWll Section 2] by setting 
up a bijection between marked shifted tableaux and new combinatorial objects called 
colored shifted tableaux. The following new proof follows an approach suggested by a 
referee of |WWlj . 

Proof. Recall the homomorphism 99 : A — ?• F from (j5.ip . For A € CP, let S'a G F be the 
determinant (cf. pacl III, §8, 7(a)]) 

S'a = det(gA,-j+i)- 
It follows by the Jacobi-Trudi identity for s\ and (j5.3p that 

(5.19) ifisx) = 5a. 

Applying 93 to the Cauchy identity (|3.3p and using (j5.2p with t = Zj, we obtain that 

(5.20) n T3^ = E^a(^)5a(x). 

i,j>l ^ AgT 

This together with (]5.12p implies that 

(5.21) Sx{x) = hsx{x;x). 
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Recall the definition of the double diagram ^ from Section [5.41 It follows from \You\ 
Theorem 3] (cf. [Afecl III, §8, 10]) that 

and hence by (j5.19p we have 

(5.22) Q| = 2^«)5^, Ve G S^n. 
By (I5l^ and ([OT]) . we have 

(5.23) Sf(*-)=<»<« n U^^^^^ 

Let £ = Denote by Hr the rth hook which consists of the cells below or to the 
right of a given cell (r, r) on the diagonal of ^ (including (r, r)). For a fixed r, we have 



1 



2 



Hence, 



(5.24) J] (t-i + ti-i) = W J] (f-i+t^-i) 

t 

= 2-^ JJ(1 + *«'■) JJ (f-i + tJ-i)2. 
'•=1 (i,i)e?* 

On the other hand, for a fixed i, the hook lengths /ijj for (i,j) G ^ with j > i 
are exactly the hook lengths h^j for (i,j) G which are 1,2,... + + 

• • • , ?i + ^i- with exception - - - (cf- jMacl III, §8, 12]). 

Meanwhile, one can deduce that the hook lengths hki for (k, i) £ (, with k > i for a 
given z are 1, 2, . . . , - 1, 2^i,^i + Ci+i,^i + Ci+2, • • • , + 6 with exception - - 

. . . , - 6- This means 

(5.25) ii{i-t^^n= n (i-*'^)'nT^= n a -t^^^o^na 

Now the theorem follows from ^22i), dOSD . (lOill . and dOS]) . □ 

Remark 5.10. The formulas in Theorem 15.81 appear to differ by a factor 2*^^^-' from 
[WWH Theorem A] because of a different formulation due to the type Q phenomenon. 
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5.5. The graded multiplicity in ein(E> S*V A*V and ein(^ S*V S*V. Similarly, 
we can consider the multiplicity of for ^ G §>'?n in the bi-graded Jfn-modules Cln ^ 
S*V A*V and e/„ 5*^ ® 5*^, and let 

s) = dimHomjt„(L>?, e/„ S'jF (g) AsV), 
d^(t, s) = dimHomj<:^(L>?, e/„ ® SsV). 

Theorem 5.11. Suppose ^ G SiPn- T/ien 

^ £(A)-«(A) 

(1) di:{t,s) = 2 -2 — Q^{f,sf). 

(2) di:{t,s) = 2-^^^^Q^{fs'). 

Part (1) here is jWWH Theorem C] with a different proof, while (2) is new. 

Proof. By Lemma 13.11 and the computation at the beginning of the proof of Theo- 
rem [531 we have 

tra|e/„^5,V0A.y - 2 (i_iMi)(i-tM2)...(i_t/..) ' 

for any a G &n of cycle type ^ = (^i, fi2, ■ ■ ■) G O^n- Applying the characteristic map 
ch~ : i?~ — )• Fq, we obtain that 

(5.26) ch~ {ein fg StV (g AsV) 

V- „i 2^(^)(l- (-g)^i)(l- (-g)^^)...(l- (-s)^O 
~ ^ (l-tMi)(l-tA'2)...(i_tw) 

n 

1 + Ut^ Zi 1 + USP Zi 



nnf 



1 — USPZn 

j>0 t 



= 2-^«)Q5(f,.t-)Q5(z), 

where the last two equalities used p.lOp and Cauchy identity from Theorem 13.41 It 
follows by p.l4p and the definition of d^{t, s) that 

chr{Qln® StV ® AsV) = 2^ 2 2 — d^(t,s)Q^(z). 

Comparing these two different expressions for ch~(C/„ (g) StV (8> AgV) and noting the 
linear independence of the (5g(2;)'s, we prove (1). 

Using a similar argument, one can verify (2) with the calculation of the character 
values of S*V ® S*V in the proof of Theorem 15.51 at hand. □ 

Remark 5.12. It will be interesting to find closed formulas for s\{t's*) and Q^{t' , st'). 
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6. Spin Kostka polynomials 

In this section, following our very recent work |WW2j we introduce the spin Kostka 
polynomials, and show that the spin Kostka polynomials enjoy favorable properties 
parallel to the Kostka polynomials. Two interpretations of the spin Kostka polynomials 
in terms of graded multiplicities in the representation theory of Hecke-Clifford algebras 
and g-weight multiplicity for the queer Lie superalgebras are presented. 

6.1. The ubiquitous Kostka polynomials. For A,/U G T, let be the Kostka 
number which counts the number of semistandard tableaux of shape A and weight jJL. 
We write |A| = n for A G 1P„. The dominance order on J" is defined by letting 

A > ^ <^ |A| = and Ai + . . . + Aj > + . . . + /Uj, Vi > 1. 

Let X, n £ y. The Kostka(-Foulkes) polynomial Kx^{t) is defined by 

(6.1) sx{x) =Y,Kx^{t)P^{x-t), 

where Pf^{x;t) are the Hall-Littlewood functions (cf. [Mac! Ill, §2]). The following is a 
summary of some main properties of the Kostka polynomials. 

Theorem 6.1. (cf. |Macl 111, §6]J Suppose A,/i G Tn- Then the Kostka polynomials 
K\^{t) satisfy the following properties: 

(1) Kxi,{t) = unless X> f-i; Kxx{t) = 1. 

(2) The degree of Kx^xit) is n{ij,) — n{X). 

(3) Kxfj,{t) is a polynomial with non-negative integer coefficients. 

(4) Kx^{l)=Kx^x. 

(5) i^(„)^(t) = W'^). 

t»(A0(i-t)(i-t2)...(i-r) 

Let S be the flag variety for the general linear group GLn{C). For a partition fi of n, 
the Springer fiber "B^ is the subvariety of "B consisting of flags preserved by the Jordan 
canonical form of shape fi. According to the Springer theory, the cohomology group 
H'{'Bfj^) of 23 with complex coefficient affords a graded representation of (3„ (which is 
the Weyl group of GL„(C)). Define Cxfj.(t) to be the graded multiplicity 

(6.2) Cx^^it) = ^f RomeAS\H^\B^)). 

i>0 

Theorem 6.2. (cf [Macl 111, 7, Ex. 8], [00 (5.7)]; The following holds for X,fie 7: 

Kx^{t) = Cx^x{t-^)t<^\ 

Denote by {ei, . . . , e^} the basis dual to the standard basis {En \ 1 < i < n} in the 
standard Cartan subalgebra of 0^(f^). For A,/i G J" with £(A) < n and £(//) < n, define 
the q-weight multiplicity of weight /x in an irreducible g[(n)-module L{X) to be 
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where the product na>o '^^^^ positive roots {ei — ej \ I < i < j < n} for Ql{n) 
and [e^]/(e'^i, . . . , e*^") denotes the coefficient of the monomial in a formal series 
f{e^^, . . . , e*^"). A conjecture of Lusztig proved by Sato |Kal ILu2j states that 

(6.3) K^^it) = mlit). 

Let e be a regular nilpotent element in the Lie algebra fl^(^^)• For each /i G CP with 
^(m) ^ ^1 define the Brylinski-Kostant filtration { Jg (L(A)^)}yfc>o on the ;U-weight space 
L(A)^ with 

j'ULiX)^) = {v(^ L{\)^ I e^+'v = 0}. 
Define a polynomial ")x^{t) by letting 



7AM(t) = E (dim4(L(A)^)/jri(L(A)^))t 



fc>0 



,k 



The following theorem is due to R. Brylinski (see [Brl Theorem 3.4] and (j6.3p ). 
Theorem 6.3. Suppose A, ;U G CP with ^(A) < n and i{fx) < n. Then we have 

6.2. The spin Kostka polynomials. Denote by P' the ordered alphabet {!' < 1 < 
2' < 2 < 3' < 3 • • • }. The symbols l',2',3',... are said to be marked, and we shall 
denote by \a\ the unmarked version of any a G P'; that is, \k'\ = \k\ = k for each 
/c G N. For a strict partition ^, a marked shifted tableau T of shape ^, or a marked 
shifted (^-tableau T, is an assignment T : ^* — > P' satisfying: 

(Ml) The letters are weakly increasing along each row and column. 
(M2) The letters {1, 2,3,.. .} are strictly increasing along each column. 
(M3) The letters {!', 2', 3', . . .} are strictly increasing along each row. 

For a marked shifted tableau T of shape ^, let be the number of cells {i,j) G ^* 
such that \T{i,j)\ = k for k > I. The sequence (01,02,03, . . .) is called the weight of 
T. The Schur Q-function associated to ^ can be interpreted as (see [Sag , ISt l IMacj ) 



T 
X , 



T 

where the summation is taken over all marked shifted tableaux of shape ^, and x'^ 
x^^Xg^Xg^ • • • if T has weight (ai,a2;«35 • • •)■ Set 

K^^ = #{T I T is a marked shifted tableau of shape ^ and weight /x}. 

Then we have 

(6.4) Q^ix) = Y,K^^rn^{x), 

where K^^ is related to K^^ appearing in Theorem 13.31 by 
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Definition 6.4. |WW2j The spin Kostka polynomials K^^(t) for ^ E SJ" and fi G "? are 

given by 

(6.5) g^(x) = 

For ^ G §y, write 

(6.6) Q^{x) = "^b^xsxix), 

for some suitable structure constants b^x. 

Proposition 6.5. The following holds for £ ST and /i G "P: 
Proof. By ()6.ip and (j6.6p . one can deduce that 

The proposition now follows from the fact that the Hall-Littlewood functions P^{x]t) 
are linearly independent in ®i A. □ 

The usual Kostka polynomial satisfies that iCA^(O) = 5\^. It follows from Proposi- 
tion 16.51 that 

For ^ G ST, A G set 

(6.7) g^x = 2~'^^\x. 

Up to some 2-power, g^x li^is the following interpretation of branching coefficient for 
the restriction of a q(n)-module V{X) to g[(n). 

Lemma 6.6. As a Q{{n) -module, l^(^) can he decomposed as 

^(0 = © 2^^5€aL(A). 

Aey/(A)<n 

Proof. It suffices to verify on the character level. The corresponding character identity 
indeed follows from (j6.6p . (|6.7p and Theorem 14.9^ as the character of -L(A) is given by 
the Schur function sx. □ 

Lemma 6.7. [Stl Theorem 9.3] [IB III, (8.17)] The following holds for ^ G ST, A G T: 

(6.8) G Z+; ff^A = un/ess C > A; g^^^ = 1. 

Stembridge [St] proved Lemma 16.71 by providing a combinatorial formula for g^x hi 
terms of marked shifted tableaux. We give a representation theoretic proof below. 
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Proof. It follows by Lemma 16.61 that > 0, and moreover, g^x = unless ^ > A (the 
dominance order for compositions coincide with the dominance order of weights for 
q(n)). The highest weight space for the q(n)-module V{^) is W^, which has dimension 

2 2 . Hence, g^^ = 1, by Lemma 16.61 again. 

By Theorem 14.91 2 '2 * ' chV{(,) = 2~^^^^Q{xi, . . . , x^), which is known to lie in A, 
cf. |Macj (this fact can also be seen directly from representation theory of (\{n)). Hence, 
2~^(^)Q(xi, . . . , Xn) is a Z-linear combination of Schur polynomials sx- Combining with 
Lemma 16.61 this proves that g^x £ ^- ^ 

The following is a spin counterpart of the properties of Kostka polynomials listed in 
Theorem 16.11 



Theorem 6.8. [WW2j The spin Kostka polynomials K^^[t) for ^ G $7n,l^ £ '^n satisfy 
the following properties: 

(1) K^^{t) = unless C > f^; K^i:{t) = 2^(«). 

(2) The degree of the polynomial K^^{t) is n(/i) — n(^). 

(3) 2~^^^'^ K^^{t) is a polynomial with non-negative integer coefficients. 

(4) i^^-(l)=K^-; K^-(-l)=2^«)55,. 

(5) K-^^^{t) = t<^)\t^j:i{i+t^~^). 

^- t»(g)(i-t)(i-t^)---(i-t")n(,,),ea+^"o 

(6) A5(ln)(t) = = • 

Proof. Combining Theorem l6.1l fl)-(3). Lemma 16.71 and Proposition 16. 5| we can easily 
verify that the spin Kostka polynomial K^^{t) must satisfy the properties (l)-(3) in the 
theorem. It is known that P^{x; 1) = and hence by (j6.4p we have K^^{1) = K^^. 

Also, = 2^(^)p^(x; -1), and {P^(x;-1) \ fi £ 7} forms a basis for A (see [Mac! 
p. 253]). Hence (4) is proved. 

By pvlact III, §3, Example 1(3)] we have 

(6.9) n = E*"^'^^ lli^+t'-nP,{x;t). 

i>i * fj. j=i 

Comparing the degree n terms of (j6.9p and (|3.6p . we obtain that 

Qin){x) = Qnix) = t^^f^^llil + t'~^)P,{x;t). 

Hence (5) is proved. 

Part (6) actually follows from Theorem 15.81 and Theorem 16.101 in Section 16.31 below, 
and let us postpone its proof after completing the proof of Theorem 16.101 □ 

6.3. Spin Kostka polynomials and graded multiplicity. Recall the characteristic 
map ch and ch^ from (j3.ip and (j3.12p . Note that ch~ is related to ch as follows: 

(6.10) cli-(C) = ch(res^g^C), for C G K- 
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Recall that the (3„-module S"^ and J{„-module have characters given by and 
C^, respectively. Up to some 2-power as in Lemma 16.61 has another representation 
theoretic interpretation. 

Lemma 6.9. Suppose ^ G Sy„, A G "Pn- The following holds: 



dimHomjr„(Z)«,ind^§^5^) = g^x- 



Proof. Since the ?f„-module ind^^g S is semisimple, we have 

dimHomj^jZ)«,ind^g^S^)=dimHomjcJind^g^5\l)«) 

= dim Homc6„ (.5^ , res^g^ D^) 
={sx,ch{ves^^^D^)) 
={sx,ch-{D^)) 

={sx,2-^^Q^{x)) 

where the second equation uses the Frobenius reciprocity, the third equation uses the 
fact that ch is an isometry, the fourth, fifth and sixth equations follow from (|6.10p . 
(|3.14|) and (j6.6p . respectively. □ 

For fi £ 7n and ^ G SJ'n, recalling (j6.2p . we define a polynomial C^^if) as a graded 
multiplicity of the graded ?{„-module ind^g^H' {'B ^) = Qln ® H'{'B^): 

(6.11) C^-(t) := (dimHomjrjZ)«,e/„»//2i(2^))^ 

Theorem 6.10. |WW2j Suppose ^ G S^n,/^ G J'n- T/ien we have 

K-^{t) = 2-^C^^{t~')t<^\ 
Proof. By Proposition 16.51 and Theorem 16.21 we obtain that 

On the other hand, we have by Lemma 16.91 that 



= E*^ (dimHomjc„(l)«,ind^g„//2.(^^^; 

= ^CA^(t)dimHom:KjI?^md^S„^') 
A 

„ ^(o-i(g) , ^ , , 
= 2 ^ 5] 65ACA^(i). 



Now the theorem follows by comparing the above two identities. □ 
With Theorem 16.101 at hand, we can complete the proof of Theorem 16.8( 6). 
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Proof of Theorem \6.8\( 6). Suppose ^ G SiPn- Observe that Sj-in) = "B and it is well 
known that H*{'B) is isomorphic to the coinvariant algebra of the symmetric group &n- 
Hence by Theorem 15.81 we obtain that 

where ^* is the shifted diagram associated to ^, Cij,h*- are contents and shifted hook 
lengths for a cell G ^. This together with Theorem 16.101 gives us 

^ ^ _ - - 1-^) •••(!- 1-) n(ij)se(^ + ^"'^") 

_ t<^\^ - m - 1^) • • • (1 - n(ij)ge(^ + ^'") 

where the last equality can be derived by noting that the contents Cij are 0, 1, . . . , — 1 
and the fact (cf. [Mac! Ill, §8, Example 12]) that in the iih. row of the hook lengths 
h*- for f < j < ii + i- l are 1, 2, . . . , ^j, + + ■■■ + with exception 

6.4. Spin Kostka polynomials and q-weight multiplicity. Observe that there is 
a natural isomorphism t:i(n)Q = Ql{n). Regarding a regular nilpotent element e in 
0[(n) as an even element in q(n), for ^ G SCP, // G J" with < n,i{ii) < n, we 
define a Brylinski-Kostant filtration {Je{y{Otj)}k>o on the /x-weight space 
the irreducible q(n)-module F(^), where 

^e'(^(0.) := e ^^(6/. I = 0}. 

Define a polynomial 7^(^) by letting 

We are ready to establish the Lie theoretic interpretation of spin Kostka polynomials. 
Theorem 6.11. |WW2| Suppose ^ £§,7,^ with < n,i{fj,) < n. Then we have 

Proof. The Brylinski-Kostant filtration is defined via a regular nilpotent element in 
g[(n) = c|(n)o, and thus it is compatible with the decomposition in Lemma 16.61 Hence, 

we have (V^(Om) — ©a2'^^*' 2*'*^ g^\Je • follows by the definitions of the 



40 



WAN AND WANG 



polynomials 7^^(i) and ^x^{t) that 

A 

Then by Theorem 16.31 we obtain that 

A A 

This together with Proposition 16.51 proves the theorem. □ 

Remark 6.12. We can define spin Hall-Littlewood functions H~(x; t) via the spin Kostka 
polynomials as well as spin Macdonald polynomials H~{x; q, t) and the spin q, t-Kostka 
polynomials K^^{q,t). The use of $ and ip makes such a t-generalization possible 
(see |WW2j for details). There is also a completely different vertex operator approach 
developed by Tudose and Zabrocki |TZj toward a different version of spin Kostka poly- 
nomials and spin Hall-Littlewood functions, which did not seem to admit representation 
theoretic interpretation. 

7. The seminormal form construction 

In this section, we formulate the seminormal form for the irreducible IK„-modules, 
analogous to Young's seminormal form for the irreducible C6.„-modules. Following 
the independent works of |HKSj and |Wanj (which was built on the earlier work of 
Nazarov |Naz] ). we first work on the generality of affine Hecke-Clifford algebras, and 
then specialize to the (finite) Hecke-Clifford algebras to give an explicit construction of 
Young's seminormal form for the irreducible J{„-modules. 

7.1. Jucys-Murphy elements and Young's seminormal form for (3„. The Jucys- 
Murphy elements in the group algebra of the symmetric group &n are defined by 

(7.1) ^fc= E (•?'^)' 

i<i<fc 

where (j, k) is the transposition between j and k. Observe that L/. is the difference 
between the sum of all transpositions in &k and the sum of all transpositions in &k-i- 
Hence the Jucys-Murphy elements Li , . . . , L„ commute and act semisimply on irre- 
ducible CSn-modules. 

The Gelfand-Zetlin subalgebra An of C6n is defined to be the subalgebra consisting 
of the diagonal matrices in the Wedderburn decomposition of C&n- It is not difficult 
to show by induction on n (see [OVl Corollary 4.1] and [Kiel Lemma 2.1.4]) that An 
is generated by the centers of the subalgebras C(3i, €©2, . . . , C&n, and that it is also 
generated by the Jucys-Murphy elements Li, . . . , L„. 

The moral is that the subalgebra An of C(3„ plays a role of a Cartan subalgebra of 
a semsimple Lie algebra. Every irreducible CS„-module V can be decomposed as 

i=(n,...,in)GC" 
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where Vi = {vGV\ L^v = i^v, \ <k <n} \s the simultaneous eigenspace of Li, . . . , L„ 
with eigenvalues ii, . . . ,in- By the description of An above, we have either = or 
dim Vi = 1. If Vi 7^ 0, we say that i is a weight of V and Vi is the z- weight space of V, 
and we fix a nonzero vector Vi €Vi. 

Suppose X £ and T is a standard tableau of shape A. Define its content sequence 
c(T) = (c(Ti), . . . , c(T„)) G by letting c(Tfc) be the content of the cell occupied 
by A; in T for 1 < k < n. By analyzing the structures of weights, we can show that 
the sequences c(T) for standard tableaux T with n cells are exactly all the weights for 
irreducible ©n-modules. Now we are ready to formulate the Young's seminormal form 
for irreducible CS^-modules. For A € CP„, define V'^ = "^j^Cvt, where the summation 
is taken over standard tableaux of shape A. For I < k < n — 1, define 



-2 



(7.2) SkVT = {c{Tk+i) - c{Tk)) \t + 1 - {c{n+i) - c{Tk)y 

where SkT indicates the standard tableau obtained by switching k and k + 1 in T and 
■^SfeT = if SfcT is not standard. In this way Okounkov and Vershik |OVj established 
the following. 

Theorem 7.1 (Young's seminormal form). For A G "Pn, V''^ affords an irreducible 
&n-module given by (17. 2p . Moreover, {V'^ \ A G forms a complete set of non- 
isomorphic irreducible ©n-moffu/es. 

7.2. Jucys-Murphy elements for Jf^. As in the group algebra of symmetric groups, 
there also exist Jucys-Murphy elements Jfc(l < A; < n) in J{„ defined as (see [Naz] ) 

(7.3) Jk= Yl (l + CjCfc)(j, /c). 

i<j<fc 

Lemma 7.2. The following holds: 

(1) JjJfc = JkJi, for 1 < i ^ k < n. 

(2) aJi = -JiCi, CiJk = JkCi, for 1 < i ^ k < n. 

(3) SiJi = Ji+iSi - (1 + QCj+i), forl<i<n-l. 

(4) SiJk = JkSi, for k^ i,i + 1. 

Proof. It follows by a direct computation that Cj J„ = JnCj, and cjJ„ = JnC, for 1 < i < 
n — 1 and a G &n-i- Hence, Jn commutes with ^K„_i, and whence (1). The remaining 
properties can be also verified by direct calculations. □ 

7.3. Degenerate afRne Hecke- Clifford algebras 'K^ . For n G Z_|_, the affine 
Hecke-Clifford algebra 'K^ is defined to be the superalgebra generated by even gen- 
erators si, . . . , Sn-i, xi, . . . ,Xn and odd generators ci, . . . , subject to the following 
relations (besides the relations (iO]) and ([TI]) ): 

(7.4) XiXj = XjXi, 1 < i, j < n, 

(7.5) SiXi = Xi+iSi - {1 + CiCi+i), l<i<n-l, 

(7.6) SiXj = XjSi, j^i,i + l, l<i,j<n, 
(T.7) ^{Ci — CiXij XiCj — CjXi^ 1 ^ 7^ J ^ ^* 
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Remark 7.3. The affine Hecke-ChfFord algebra "K^ was introduced by Nazarov |Nazj 
(sometimes called affine Sergeev algebra). The Morita super-equivalence (j2.5p between 
"Kn and C6~ has been extended to one between "K^ and the affine spin Hecke algebras 
[Wall Proposition 3.4] and for other classical type Weyl groups |KW1 Theorem 4.4]. 

Denote by CP^ the superalgebra generated by even generators xi, . . . , rE„ and odd gen- 
erators ci, . . . , Cn subject to the relations (j2.3p . (j7.4p and (j7.7p . For a = (ai, . . . , an) G 
and (3 E 1^2, set = ■ ■ ■ 2;° and c'' = c^^ • • • Cn". Then we have the following. 

Lemma 7.4. jNii] [BKl Theorem 2.2] T/ie sei {x^c^u; \ a e Z^, p e Z'^,w e 6n} 
forms a basis of . 

Sketch of a proof. One can construct a representation vr of 'K'^ on the polynomial- 
Clifford algebra T^, where the Xi and Cj for all i act by left multiplication (and the 
action of Sj's is then determined uniquely). Then one checks that the linear operators 
'7r{x°'c^w) are linearly independent. We refer to the proof of \KW\ Theorem 3.4] for 
detail. □ 

By |Nazj . there exists a surjective homomorphism 

(7.8) F : ^^'^ — > 

Ck 1-^ Ck,si ^ si,Xk Jk, {1 < k < n,l < I < n - 1), 

and the kernel of F coincides with the ideal (xi) of "K^ generated by xi. Hence the 
category of finite-dimensional J{„-modules can be identified as the category of finite- 
dimensional IK^5"™odules which are annihilated by xi. For the study of ^K^'^-modules, 
we shall mainly focus on the so-called finite-dimensional integral modules, on which 
x^ , . . . , have eigenvalues of the form 

q{i) = i{i + 1), i e 

It is easy to see that a finite-dimensional IK^'^-module M is integral if all of eigen- 
values of x'j for a fixed j on M are of the form q{i) (cf. [BKl Lemma 4.4] or |Klel 
Lemma 15.1.2]). Hence the category of finite-dimensional CK„-modules can be identi- 
fied with the subcategory of integral ^K^^-modules on which xi = 0. 

By Lemma 17.41 J"^ can be identified with the subalgebra of Ji^f generated by 
xi,...,x„, and ci,...,c„. For i G Z+, denote by L(i) the 2-dimensional IP^'^odule 
with L{i)Q = Cvq and L{i)i = Cvi and 

xiVQ = \/q(Jjvo, xivi = -\/q(Jjvi, ciVq = vi, civi = vq. 

Note that L{i) is irreducible of type M if i 7^ 0, and irreducible of type Q if i = 0. More- 
over L{i),i G Z4. form a complete set of pairwise non-isomorphic integral irreducible 
^Pj^-module. Since = ^Pj^ (g) • • • ® CP^ > Lemma [231 implies the following. 

Lemma 7.5. {L{i) = L{ii) ® L{i2) ® ■ ■ ■ ® L{in)\ i = (n,...,in) S Z!J:} form a 
complete set of pairwise non-isomorphic integral irreducible 7[^-modules. Furthermore, 

dim L{i) = 2"^L-2"-l, where 70 denotes the number of 1 < j < n with ij = 0, and [^J 
denotes the greatest integer less than or equal to ^ . 
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The following definition of |HKS1 IWanj is motivated by similar studies for the affine 
Hecke algebras in \Ch\ IRaml IRu] . 

Definition 7.6. A representation of ?{^^ is called completely splittable ii xi, . . . ,Xn act 
semisimply. 

Since the polynomial generators xi,...,Xn commute, a finite-dimensional integral 
completely splittable !K^^-module M can be decomposed as 

M = M,, 

where 

Mi = {z£M\ xlz = q{ik)z, 1 < k <n}. 

If Mi 7^ 0, then i is called a weight of M and Mj is called a weight space. Since 
x1,l < k < n commute with ci, . . . , c^, each Mj is actually IP^-sub module of M. 
Following Nazarov, we define the intertwining elements as 

(7.9) (pk ■■= Sk{xl - x^+i) + {xk + Xk+i) + CkCk+i{xk - Xfc+i), l<k <n. 
It is known [Naz] and easy to check directly that 

(7.10) <fi = 2(4 + xi+i) - {xl - xl^.f, 

(7.11) (l)kXk = Xk+l(t>k, (pkXk+l = Xk(l)k,4>kXl = Xl4>k, 

(7.12) (f)kCk = Cfc+i^fc, 4>kCk+l = Ck4>k, <t>kCl = Cl4>k, 

(7.13) 4>j(l)k = (t)k(t>j, 4>k(t>k+l4>k = 4>k+l(t>k4>k+l, 

for all admissible j, k, I with I ^ k,k + 1 and |i — A;| > 1. 

7.4. Weights and standard skew shifted tableaux. This subsection is technical 
though elementary in nature, and we recommend the reader to skip most of the proofs 
in a first reading. The upshot of this subsection is Proposition 17.121 which identifies the 
weights as content vectors associated to standard skew shifted tableaux. 

Lemma 7.7. Suppose that M is an integral completely splittable 'K'^ -module and that 
i = (ii, . . . , in) G Z+ is a weight of M . Then ik 7^ ik+i for all 1 < k < n — 1. 

Proof. Suppose ik = ik+i for some 1 < k < n — 1. Let 7^ z G Mj. One can show 
using (|7.5p that 

(7.14) xlsk = Sfc4+i - (^fc(l - CfcCfc+i) + (1 - CkCk+i)xk+i) 

(7.15) = Skxl + (xfc+i(l + CfcCfc+i) + (1 + CkCk+i)xk). 

Since M is completely splittable, (x^ — q{ik))z = = {x\j^i — q{ik+i))z. This together 
with (I7.14P shows that 

(7.16) {xl - q{ik))skz = {xl - q{ik+i))skZ = - (xfc(l - c^Cfc+i) + (1 - CkCk+i)xk+i)z, 
and hence 

{xl - q{ik)fskZ = - {xk{l - CfcCfc+i) + (1 - CkCk+i)xk+i){xl - q{ik))z = 0. 
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Similarly, we see that 

(4+1 - q{ik+i)fskZ = 0. 
Hence s^z S Mi, i.e., {xf, — q{ik))skZ = 0, and therefore (|7.16p implies that 

- CfcCfc+l) + (1 - CkCk+l)Xk+i)z = 0, 

2(2;i + = - CfcCfc+i) + (1 - CfcCfc+i)xfc+i)^z = 0. 

This means that q{ik+i) = —liik) and hence (/(ifc) = q{ik+i) = since = ik+i- We 
conclude that Xfc = = x^+i on Mj. This implies that x^+iSfcZ = since s^z £ Mi as 
shown above. Then 

(1 + CkCk+l)z = Xk+lSkZ - SkXkZ = 0, 

and hence z = ^(1 — CfcCfc+i)(l + CkCk+i)z = 0, which is a contradiction. □ 

Lemma 7.8. Assume that i = {ii, . . . ,z„) E is a weight of an irreducible integral 
completely splittable 'K'^ -module M . Fix 1 < k < n — 1. 

(1) // ik 7^ ik+i i 1, then (p^z is a nonzero weight vector of weight Sk • i for any 
7^ z G Mi. Hence ■ i is a weight of M . 

(2) If ik = ik+i ± 1, then (pk = on Mi. 

Proof It follows from (f7nT|) that (p^Mi C M^^.j. By ([7l0]) . we have 

0fc^ = (2(4 + 4+i) - (4 - 4+i)^)^ = (2(g(4) + g(ife+i)) - (g(ifc) - qiik+i)?)z 

for any z G Mj. A calculation shows that 2{q{ik) + ^(ifc+i)) — {q{ik) — ^(^fc+i))^ 7^ 
when ik ^ ik+i ± 1 and hence (p^z ^ 0. This proves (1). 

Assume now that i^ = ik+i i 1. Suppose (j)kZ ^ for some z € Mj. Since M is 
irreducible, there exists a sequence 1 < oi, 02, • • • , flm < — 1 such that 

(7.17) (pa^- ■ ■ <^a-i'Pax4>kZ = az 

for some 7^ a G C. Assume that m is minimal such that (j7.17p holds. Let a = 
Sam ' ' ' Sai^k G ©n- Then cr ■ i = i. If cj 7^ 1, then there exists 1 < bi < b2 < n 
such that if,-^ = i^^, and a = (11,12) by the minimality of m. Hence, ib^ and ib^ can 
be brought to be adjacent by the permutation s^j • • • SaiSk ■ i for some 1 < j < m. 
That is, Sflj • • • SaiSk • i is a weight of M of the form (■ ■ ■ ,/?,/?,•••), which contradicts 
Lemma [7. 71 Hence a = 1 and Sa^-'-SagSai = Sk- We further claim that m = 1. 
Suppose that m > 1. Then, by the exchange condition for Coxeter groups, there exists 
1 < p < q < m such that Sa„ • • • Sa, • • • • • • Sai = Sa™ • • • • • • Sap • • • , where 

s means the very term is removed. This leads to an identity similar to (j7.17p for a 
product of (m — 1) (p^s, contradicting the minimality of m. Therefore m = 1 and then 
ai = k, which together with (j7.17p leads to cp'^z = az 7^ 0. This is impossible by a 
simple computation: 

4 = 2(4 + 4+1) - (4 - 4+1)^ = 2(g(ifc) + q{ik+i)) - {q{ik) - q{ik+i)f = 
on Mj since = ik+i i 1. This proves (2). □ 

Corollary 7.9. Assume that i = [ii,. . . , in) € Z" is a weight of an irreducible integral 
completely splittable 'K'^ -module M . If i^ = ik+2 for some 1 < k < n — 2, then 
h = ik+2 = and ik+i = 1. 
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Proof. If ik 7^ ik+i i 1, then Sk ■ i is a weight of M of the form (• • • ,u,u,---) by 
Lemma l7. 8( 1). which contradicts Lemma l7. 71 Hence ik = ik+i =t 1. By Lemma l7. 8( 2). 
we have 

(a - b)skZ = -{{xk + Xk+i) + CfcCfc+i(xfc - Xfc+i))z, 
(a - 6)sfc+i2; = -((xfc+i + Xk+2) + Cfc+iCfc+2(2;fc+i - Xk+2))z, 
for 2; S Mj, where a = q{ik) = 9(^^+2)1 b = q{ik+i)- A direct calculation shows that 
(a - b){b - a){a - b){skSk+iSk - Sk+iSkSk+i)z 

= {{Xk + Xk+2){Qxl_^_i + 2XkXk+2) + CkCk+2{xk " Xfc+2)(6x|+i - 2XkXk+2))z 

(7.18) = 0. 

for z G Mi since SkS^+iSk = Sk+is^Sk+i- Decompose Mj as Mj = A^i © N2, where 
Ni = {z G Mi I XkZ = Xk+2Z = ±\/az} and N2 = {z £ Mi \ XkZ = —Xk+2Z = ±-y/az}. 
Now applying the equality (j7.18p to z in A'^i and A'^2) we obtain that 

2v^g(4)(6(7(Wi) + 2g(«fc)) = 0, 
which, thanks to ik+\ = ^fc i 1) is equivalent to one of the following two identities: 

(7.19) if ife+i = ifc - 1, then \/ ik{ik + l)(4ifc - 2)ifc = 0; 

(7.20) if ik+i = ifc + 1, then ^Jik{ik + 1)(44 + 6)(ifc + 1) = 0. 

There is no solution for (|7.19p . and the solution of (|7.2U|) is ik = 0, ik+i = 1- D 
Denote by W(n) the set of weights of all integral irreducible completely splittable 

Proposition 7.10. Assume i G W(n) and ik = ii = a for some 1 < k < £ < n. 

(1) lfa = 0, then 1 G {z^+i, • • • , V-i}- 

(2) Ifa>l, then {a - l,a + 1} C {ik+i, . . . ,ie-i}- 

Proof. Without loss of generality, we can assume that a ^ {ik+i, ■ ■ ■ , ie~i}- 

If a = but 1 {ik+i, ■ ■ ■ 1 ii-i}-, we can repeatedly swap v with Z£„i then with i£_2, 
etc., all the way to obtain a weight of M of the form (• • • , 0, 0, • • • ) by Lemma [7. 81 This 
contradicts Lemma 17.71 This proves (1). 

Now assume a > 1 and a+1 ^ {^fc+i, ■ ■ ■ ,ii-i}. If a — 1 does not appear between ik+i 
and ii-i in i, then we can swap ii with then with ii-2, etc., and by Lemma [7.81 this 
gives rise to a weight of M having the form (• • • , a, a, • • • ), which contradicts Lemma [7.7[ 
If a — 1 appears only once between ik+i and ii-\ in i, then again by swapping ii with 
ii-i then with i^_2, etc. we obtain a weight of M of the form (• • • , a, a — 1, a, • • • ), 
which contradicts Corollary 17.91 Hence a — 1 appears at least twice between and 
ii-i in i. This implies that there exist k < ki < ii < i such that 

iki = ie^ = a - 1, {a, a - 1} D {ik^+i, ih-i} = 0- 

An identical argument shows that there exist ki < k2 < £2 < ^1 such that 

ik2 =ii2 = a - 2,{a,a - l,a - 2} n {ifca+i, • • • , = O- 
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Continuing in this way, we obtain k < s < t < I such that 

is = it = 0, {a, a - 1, ... ,1,0} n {is+i, it-i} = 0, 

which contradicts (1). 

Now assume that a > 1 and a — 1 ^ {i^+i, ■ ■ ■ ,ii-i}. Then a + 1 must appear 
in the subsequence {ik+i, ■ ■ ■ ,ie-i) at least twice, otherwise we can repeatedly swap 
ii with i£_i then with ii-2, etc., all the way to obtain a weight of M of the form 
(• • • ,a, a+1, a • • • ) by Lemma [7.81 which contradicts Corollarv l7.9i Continuing this way 
we see that any integer greater than a will appear in the finite sequence {ik+i, • • • , ii-i) 
which is impossible. This completes the proof of (2). □ 

For z^, ^ S SJ* such that C ,f , the diagram obtained by removing the subdiagram z^* 
from the shifted diagram ^* is called a skew shifted diagram and denoted by It is 
possible that a skew shifted diagram is realized by two different pairs ^ ^ and C ^. 

Example 7.11. Assume ^ = (5,3,2,1) and v = (5,1). Then the corresponding skew 
shifted Young diagram ^/v is 



A filling by 1, 2, . . . , n in a skew shifted diagram ^/u with = n such that the 

entries strictly increase from left to right along each row and down each column is called 
a standard skew shifted tableau of size n. Denote 

W'(n) = {i£ satisfying the properties in Proposition 17.101} . 

3"(n) = {standard skew shifted tableaux of size n}. 

Proposition 7.12. There exists a canonical bijection between W'(n) and 3'{n). 

Proof. For T G '3'{n), set 

c{T) = {c{Ti),c{T2),...,c{Tn))eZl, 

where c(Tfc) denotes the content of the cell occupied by k in T, for 1 < k < n. It is 
easy to show that c{T) € 'W'(n). Then we define 

(7.21) e : j{n) w'(?i), e(r) = c(r). 

To show that is a bijection, we shall construct by induction on n a unique tableau 
T{i) £ 3'{n) satisfying Q{T{i)) = i, for a given i = (ii,...,i„) 6 'W'(n). If n = 1, 
let T{i) G 3'{n) be a cell labeled by 1 of content ii. Assume that T{i') G 3'{n — 1) is 
already defined, where i' = {ii, . . . , in-i) S W(n — 1). Set u = in.. 
Case 1 : T{i') contains neither a cell of content u—1 nor a cell of content u + 1. Adding 
a new component consisting of one cell labeled by n of content u to T', we obtain a 
new standard tableau T G 3"(n). Set T{i) = T. 

Case 2: T{i') contains cells of content u — 1 but no cell of content u + 1. This implies 
u + 1 ^ {ii, . . . ,in}- Since (ii, . . . ,in) belongs to W(n), u does not appear in i' and 
hence u — 1 appears only once in by Proposition 17.101 Therefore there is no cell of 
content u and only one cell denoted by A of content u — 1 in T(i'). So we can add a 
new cell labeled by n with content u to the right of A to obtain a new tableau T. Set 
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T{i) = T. Observe that there is no cell above A in the column containing A since there 
is no cell of content u in T{i'). Hence T{i) E 3"(n). 

Case 3: T{i') contains cells of content u + 1 but no cell of content u — 1. This implies 
u — 1 ^ {ii, . . . , in}- Since (ii, . . . , z„) is in W'(n), u does not appear in i' and hence 
u + 1 appears only once in i' by Proposition 17. 101 Therefore T{i') contains only one cell 
denoted by B of content n + 1 and no cell of content u. This means that there is no 
cell below B in T{i'). Adding a new cell labeled by n of content u below B, we obtain 
a new tableau T. Set T{i) = T. Clearly T{i) G 3"(n). 

Case 4- contains cells of contents u — 1 and u + 1. Let C and D be the last 

cells on the diagonals of content u — 1 and u + respectively. Suppose that C is 
labeled by s and D is labeled by t. Then ig = u — l,it = u + 1, and moreover 
u — 1 ^ {it+i, • • • , in~i},u + 1 ^ {is+1, • • • ; in~i}- Since i„ = u, by Proposition 17.101 we 
see that u ^ {it+i, ■ ■ ■ i^n-i} and u ^ {is+i, ■ ■ ■ ,in-i}- This implies that there is no 
cell below C and no cell to the right of D in T{i[). Moreover C and D must be of the 
following shape 





C 


D 





Add a new cell labeled by n to the right of D and below C to obtain a new tableau T. 
Set T(z) = T. Again it is clear that T{i) G J(n). □ 

Example 7.13. Suppose n = 5. T/ien t/ie standard skew shifted tableau corresponding 
toi = (1,2,0, 1,0) G W'(5) is 



1 


2 


3 


4 




5 



7.5. Classification of irreducible completely splittable JCj^^-modules. For a 

skew shifted diagram ^/v oi size n, denote by 'J{£,/v) the set of standard skew shifted 
tableaux of shape ^/u, and form a vector space 

rG5F(5/i.) 

Define 



(7.22) XiVT = yJq{c{Ti))vT, l<i<n, 
(7.23) 



^kVT = I —}===== , , ,^ H , , ,^ , = / , ,^ , CfcCfc+l IfT 

^g(c(rfc+i)) - v/9(c(rfc)) V^WTfc+i)) + ^/q{c{T^,)) 



1 - TTTr ( (rr \\\2 ^^kT, l<k<n-l, 

where SkT denotes the tableau obtained by switching k and k + 1 inT and Vsj^t = if 
SfcT is not standard. 

Proposition 7.14. Suppose S^/v is a skew shifted diagram of size n. Then U^/" affords 
a completely splittable 'K^ -module under the action defined by (j7.22p and (j7.23p . 
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Proof. We check the defining relations ()2.ip . (I2.4p . ()7.5p . and ()7.6p . It is routine to 
check (I7.5p . (j7.6p and (]2.4p . It remains to check the Coxeter relations (j2.ip . 

It is clear by (I7.6P that SfcS; = s^Sfc if K — ^| > 1- We now prove = 1. Let 
T € A direct calculation shows that if s^T is standard then 

2iq{c{Tk+i)) + qicjTk)) \ / 2{q{c{n+i)) + q{c(Tk)) 
.{q{c{n^,)) - q{c{nWr^ ^ \ {q{c{n+i)) - q{c{nw 
Otherwise, if s^T is not standard then c(T,fc) = c(Tfc+i) it 1, and we have 



2 



,2„ 



2{q{cin+i)) + qic{n)) 



So it remains to prove that SkSk+iSk = Sk+iSkSk+i- Fix 1 < k < n — 2 and T € 
^^/u). Let a = q{c{Tk)),b = q{c{Tk+i)),c = q{c{Tk+2))- If c{Tk) = c{Tk+2), then by 
Corollarv 17.91 we have c{Tk) = c{Tk-\-2) = 0,c{Tk+i) = 1 and hence a = c = 0,b = 2. 
Then {a - bf = 2{a + b). By j^L^ . we obtain that 

Then one can check that SkSk+iSkVT = Sk+iSkSk+iVT- 

Now assume c(T/;) ^ c{Tk+2) and hence a,b,c are distinct. Then it suffices to show 
(t>k4^k+i4>k'^T = 4'k+i'Pk4'k+i'VT for the intertwining elements (f)k-,4^k+i defined via ()7.9p . 
It is clear by (f733l) that 

</>.i;T = yJ{q{c{Tr+i)) - q{c{TrW " 2(g(c(r,+i)) + (?(c(r,)))T;,,T, 

if Sr-T is standard and (/>r-fT = otherwise for 1 < r < n — 1. Now for our fixed 
1 < /c < n - 2, if one of c(Tfc) - c(rfc+i), c(rfc+i) - c{Tk+2) and c(rfc) - c{Tk+2) is ±1, 
then (pk4'k+i4'kVT = = (j)k+i4>k4'k+iVT- Otherwise, one can check that 



AA+iAvT = [Via - 6)2 - 2(a + 6)^/(6 - c)2 - 2(6 + c)^/{a - c)2 - 2(a + c)j?;T 

= (pk+lMk+lVT- 

Therefore the proposition is proved. 

□ 

For a skew shifted diagram ^/v oi size n, pick a standard skew shifted tableau T^/'^ 
of shape Observe that the ^^-module QlnVrp^/^ contains an irreducible submodule 

which is isomorphic to LiciT^^")) ® L{c{tI^'")) ® • • ■ ® L{c{Ti^'")) and moreover 

(7.24) einv^a^ - (£(e/i^))®2^^^' . 

Set 

C/«/'^ := J] cPM^'^) C 

where cp^- = 4>ii4>i2 " ' 'Pit with a reduced expression cj = Si-^Si^ • • • Sj^,. 

Lemma 7.15. Suppose ^jv is a skew shifted diagram of size n. Then U^l" is a "K^ - 
submodule ofU^/^. 
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Proof. Clearly, U^^" is a y^-submodule of U^^" by (mTD and (TM) . Let a G 6„ and 
-2 G be such that ^o--^ 7^ 0. Then 

(t)k<i)cjZ = {Sk{xl - + {Xk + Xfe+l) + CfcCfe+l(xfc - Xfc+l))0<TZ G U^^". 

Meanwhile (x| — acts as a nonzero scalar on 0o-2 and hence s^i^aZ G C/^/'^. □ 

The following theorem is due independently to |HKS1 IWanj . The results of the 
paper of the first author jWanj were actually formulated and established over any 
characteristic p 7^ 2. 

Theorem 7.16. Suppose ^/v and ^' /v' are skew shifted diagrams of size n. Then 

(1) U^/^ is an irreducible -module. 

(2) [/«/^ ^ J7«'/^' if and only ifi/u = ^ jv' . 

(3) [/«/^ ^ ([/5/>')®2L^^J _ 

(4) dimC/^''' = 2" L 2 ^g^'^, where g^'^ denotes the number of standard skew 
shifted tableaux of shape i/v. 

(5) Every integral irreducible completely splittable -module is isomorphic to 
U^/^ for some skew shifted diagram of size n. 

Proof. Suppose is a nonzero submodule of f/^/'^. Then iVj / for some I = a- 

and a G S„, and hence N^^^j,^/^-^ / 0. Observe that U^[^^^^^ ^ L{^/u). This implies 

that -/V^(2"«/'') ~ ^t{T^/") ^ ^i^/^) irreducible as y^-module. Therefore N = U^/^ . 
This proves (1). If U^/" ^ U^'/"', then T^/'^ G 3"(C7'^')- Hence, i/u = ^ jv' and whence 
(2). Part (3) follows by the definition of U^l'' and (IZ23D, and (4) follows from (3). 

It remains to prove (5). Suppose \J is an integral irreducible completely splittable 
5{^^-module and let Ui be a non-zero weight vector of U . By Propositions 17. 10) and [7T2t 
there exists T G 3"(ra) such that i = c(r). Assume T is of shape ^jv. Observe that there 
always exists a sequence of simple transpositions s^j, . . . , s^^ such that s^^ - ■ ■ Sk^T is 
standard for I < j < r and Sk^ ■ ■ ■ Skj^T = T^/'^. Then it follows by Lemma 17.81 
that u^/j, := (ps^.^ ■ ■ ■ 4>Sk-^Ui is a non-zero weight vector of U of weig ht c(r€/^). Hence 
^c(T«/'') 7^ and it must contain a ^^-submodule U' isomorphic to £(^/z/). Again by 

Lemma ES E<xg6„ ^ IK^-submodule of U. Thus U = E<xe6„ Let 

r : U' ^ L{^/v) be a CP^-module isomorphism. Then it is easy to check that the map 
r : Ylcre&n '^<^^' ~^ U^^'^, which sends (p^z to (l)aT{z) for all z G U' , is an -module 
isomorphism. □ 

7.6. The seminormal form construction for When restricting Theorem 17. 161 
to the case of shifted diagrams, we have the following. 

Theorem 7.17. {C/^l^^ G SiPn} forms a complete set of non-isomorphic irreducible 
"Kn-modules. The Jucys-Murphy elements Ji, J2, . . . , Jn act semisimply on each U^. 

Proof. Consider the ?{^^-modules and U^, for ^ G SCPn. For any standard shifted 
tableau T of shape ^, we have c(Ti) = and hence xiVt = 0. Hence the action of 
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"K^ on and factors through to an action of and xj. acts as Jk by ()7.8p . as 
^ The theorem now follows from Theorem EH □ 

The construction of ;K„-modules above can be regarded a seminormal form for 
irreducible J{„-modules. Theorem 17.171 in different forms has been established via 
different approaches in [Nazi NS\ \HKS\ IWan] . 
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